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Objectives

In these lectures, we will consider the phenomenon of formation of
quantum vortices and vortex lattices. They appear in all four key
partial differential equations (PDE) of condensed matter and
particle physics:

(a) The Ginzburg-Landau equations (superconductivity and
particle physics);

(b) The Chern-Simons equations (fractional quantum Hall effect
and topological QFT);

(c) The Gross-Pitaevskii equation (superfluidity and Bose-Einstein
condensation);

(d) The Landau-Lifshitz equation (magnetism).

A remarkable fact fact about these equations is that their solutions
are ‘quantized’: they can be classified by topological invariants
taking integer values.

We will concentrate on the first two of these equations, the GLE
and CSE. (Many parts of the discussion of the GLE are applicable
also to the GPE.)
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Abelian gauge theories

An important feature unifying the GLE and CSE is that both
present the key and only example of gauge theories. The CSE
could be abelian or non-abelian, the GLE is assumed to be Abelian.

The non-Abelian generalization of the GLE is called the
Yang-Mills-Higgs system.

In the first two lectures, I will present some generalities about the
pure Abelian gauge theories and their coupling to matter. There
are two such theories:

• the Maxwell theory in 4D,

• the Chern-Simons (CS) theory in 3D.
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Principle of minimal action

I will use that a physical theory could be given by a space, X, of
states, u ∈ X, and an action functional, S(u), defined on paths,
u(t) : [0, T ]→ X, in this space, with the evolution equations given
by the principle of minimal action, i.e. by the Euler–Lagrange
equations

δuS(u) = 0,

where δuS(u) denotes the Gâteaux (variational) derivative:

δuS(u) ξ = d

dλ
S(u+ λξ)

∣∣
λ=0,

or the L2-gradient ∇uS(u) defined by

〈∇uS(u), ξ〉 = δuS(u) ξ.
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Gross–Pitaevskii (GP) action

For example, we consider the superfluids and Bose-Einstein
condensates. In the ‘mean-field’ approximation, their states are
described by an order parameter ψ : Rd+1 → C and the dynamics
are given by Gross–Pitaevskii (GP) action

S(ψ) = −
∫
Rd+1

(
Im(ψ̄ ∂tψ) + |∇ψ|2 + V|ψ|2 + G(|ψ|2)

)
dx dt,

where G is the self-interaction term, specifically, G(|ψ|2) = 1
2κ|ψ|

4.

The Euler–Lagrange equation for this action yield the GPE

i
∂ψ

∂t
= Hψ + g(|ψ|2)ψ, (1)

where H := −∆ + V and g(s) = G′(s).
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U(1)-gauge theories: generalities

A gauge theory is defined by an action on gauge fields A 1,
invariant under the corresponding gauge transformations.

It is coupled to a matter field through the covariant derivatives
induced by these gauge fields (connections).

Gauge field. We can think of A as a co-vector field2

A = (a0, a1, . . . , ad),

on the (d+ 1)-dimensional space-time Rd+1, with values in the Lie
algebra g of a Lie group G. In the Abelian case, G = U(1) and
g = iR. So we change A to −iA, with the new A real.

1connections on a principal bundle
2or a one-form A = −a0 dx0 + a1 dx1 + · · · + ad dxd
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Gauge transformations, curvature, and actions

Gauge transformations. The action of the local gauge group
C1(Rd+1, U(1)) on A is

A(x) 7→ A(x)− i(dg(x))g−1(x), g ∈ C1(Rd+1, U(1)),

where dg := gµν ∂xνg, where gµν is the Minkowski metric and
µ, ν = 0, . . . , d (the summation over repeated indices is assumed).

Faraday tensor (curvature): F ≡ FA := dA ≡ curlA, with the
components

Fµν := ∂µaν − ∂νaµ, µ, ν = 0, . . . , d.

Let a = (a1, . . . , ad) and i, j = 1, . . . , d. Then the (0, i)-part
−∂ta−∇a0 is the electric field, while the (i, j)-part curl a is the
magnetic field.

Hence a and a0 are identified with the magnetic and electric
potentials.
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Maxwell and Chern-Simons actions

Maxwell action. For the Maxwell theory, d = 3:

SEM(A) := 1
2

∫
R4
FµλFµλ dx dt,

where Fµλ := gµνgλσFνσ, or, in terms of the magnetic and electric
potentials (omitting the differentials dxdt),

SEM(A) =
∫
R4

(
|∂ta+∇a0|2 − | curl a|2

)
Chern–Simons action. For the CS theory, d = 2:

SCS(A) := κ

2

∫
R3
A · curlA = κ

2

∫
R3
εµνρaµ∂νaρ.

Both actions are invariant under the gauge transformation

(a, a0) 7→ (a+∇xχ, a0 − ∂tχ).
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Matter coupled to a gauge field

We assume that the matter is described by an action functional
Smatter(ψ), where ψ runs over states of matter.

To couple the matter field ψ to a gauge field A, we use the
principle of minimal coupling: replace the usual derivatives by the
covariant ones: d→ dA := d+ iA, or

∂t → ∂t,a0 := ∂t − ia0, ∇ → ∇a := ∇+ ia,

and add either the Maxwell or CS action:

S(ψ,A) := Smatter(ψ,A) + Sgauge(A),
where

Smatter(ψ,A) := Smatter(ψ)
∣∣∣
d 7→dA

.

The Euler–Lagrange equations are
δψSmatter(ψ,A) = 0, δASgauge(A) = J, with J := −δASmatter(ψ,A). 9



Coupling to the Gross–Pitaevskii matter field

For matter, we consider the Gross–Pitaevskii (GP) action

SGP(ψ) = −1
2

∫
Rd+1

(
Im(ψ̄ ∂tψ) + |∇ψ|2 + G(|ψ|2)

)
dx dt,

where G is the self-interaction term, specifically, G(|ψ|2) = 1
2κ|ψ|

4

and V = 0, for simplicity. Then the total action for d = 3 is

S(ψ,A) := SGP(ψ,A) + Sgauge(A), (2)

where A = (a, a0) and

SGP(ψ,A) := −1
2

∫
R4

(
Im(ψ̄ ∂t,a0ψ) + |∇aψ|2 + G(|ψ|2).

The Euler–Lagrange equations for ψ and A are

∇ψSGP(ψ,A) = 0, ∇ASgauge(A) = J,

where
J := −∇ASGP(ψ,A). 10



Computation of the Gâteaux derivatives

Recalling the definition the L2-gradient 〈∇uS(u), ξ〉 = δuS(u) ξ.
where δuS(u, v) ξ is the Gâteaux derivative,

δuS(u, v) ξ = d

dλ
S(u+ λξ, v)

∣∣
λ=0,

we compute the L2-gradient:

∇ψSGP(ψ,A) = HAψ + g(|ψ|2)ψ,

∇ASGP(ψ,A) = −
(
Im(ψ̄∇aψ), |ψ|2

)
,

∇ASEM(A) = (∂tE − curl∗B, divE),

∇ASCS(A) = κ curlA,

Here
A = (a, a0), HA := −∆a + a0, −∆a := ∇∗a∇a, g(s) = G′(s).
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Coupling GP and electromagnetic field

For the GP field coupled to the EM, the Euler–Lagrange equations
are

i
∂ψ

∂t
= HAψ + g(|ψ|2)ψ, (3a)

∂t(∂ta+∇a0) = − curl∗ curl a− Im(ψ̄∇aψ), (3b)
−∆a0 = |ψ|2. (3c)

where HA := −∆a + a0, −∆a := ∇∗a∇a, g(s) = G′(s). Above,

j := Im(ψ̄∇aψ) and |ψ|2

are the electric current and the charge density. (3) is the
Schrödinger-Maxwell system. (The last two equations, (3b) and
(3c), are Ampère’s and Gauss’ laws.)
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Coupling to the CS field

Similar computation for the CS field coupled to the GP one, we
have

i∂t,a0ψ = HAψ + g(|ψ|2)ψ, (4a)
κB = |ψ|2, −κ ∗ E = Im(ψ̄∇aψ), (4b)

where B and E are the magnetic and electric CS fields:

B = curl a and E = −∇a0 − ∂ta

and ∗(v1, v2) = (−v2, v1), the Hodge star operator.

(4) is the Schrödinger-Chern-Simons system. Note:
(4b) ⇐⇒ κ curlA = J
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Symmetries and equivariance

By a symmetry of the SM– and SCS–matter systems we mean any
transformation T : solutions (ψ,A)→ solutions T (ψ,A).

In addition to translations and rotations, the systems are invariant
under the local gauge transformations

T gauge
χ : (ψ, a, a0) 7→

(
eiχψ, a+∇xχ, a0 − ∂tχ

)
,

for sufficiently regular χ : Rd × R→ R.

Gauge fixing examples:

• Coulomb gauge: div a = 0,
• temporal gauge: a0 = 0,
• Lorenz/radiation gauge: div a+ ∂ta0 = 0.

For simplicity, we now consider stationary symmetries.
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Stationary symmetries

In the stationary case, the SM and SCS systems are invariant
under the following transformations.

Gauge transformations:

T gauge
γ : (ψ(x), a(x)) 7→

(
eiγ(x)ψ(x), a(x) +∇γ(x)

)
.

Translations:

T trans
h : (ψ(x), a(x)) 7→ (ψ(x+ h), a(x+ h)) .

Rotations:

T rot
ρ : (ψ(x), a(x)) 7→

(
ψ(ρ−1x), ρ−1a(ρ−1x)

)
.

The time-dependent version includes

a0(x, t) 7→ a0(x, t) + ∂tγ(x, t). 15



Equivariant solutions

Let G be a subgroup of either the group of translations or the
group of rotations, and let Tg, g ∈ G, be the induced action on the
space of solutions:

(Tgu)(x) = u(g−1x).

A function u satisfying, for some χg(x), g ∈ G, x ∈Md+1,

Tgu = T gauge
χg u

is called G-gauge-invariant, or G-equivariant.

Since Tg is a group representation, the phases χg satisfy the
cocycle relation

eiχgh = (Tgeiχh) eiχg ,

equivalently,
χgh − Tgχh − χg ∈ 2πZ. 16



Group of lattice translations

From now on, we fix the dimension: d = 2. We will consider two
basic groups: lattice translations, L, and rotations, O(2). L is
treated in this lecture and O(2), in lecture 2.

For any basis {ν1, ν2} in R2, we define the Bravais lattice:

L = {mν1 + nν2 : m,n ∈ Z} ⊂ R2.

A basis defining a lattice L is not unique. Different bases can
define the same lattice.

Lattices and fundamental cells

ν1

ν2
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Gauge-lattice-translation invariant solutions

A pair (ψ, a) is L-equivariant if there exist gs : R2 → R, s ∈ L, s.t.

ψ(x+ s) = eigs(x)ψ(x), a(x+ s) = a(x) +∇gs(x). (5)

Since lattice translations form a group, the family {gs}s∈L obeys

gs+t(x)− gs(x+ t)− gt(x) ∈ 2πZ.

Proposition
Let gs(x), s ∈ L, satisfy the cocycle relation. Then, for any basis
{ν1, ν2} in L, the quantity

c(gs) = 1
2π
(
gν2(x+ ν1)− gν2(x)− gν1(x+ ν2) + gν1(x)

)
is independent of x and of the choice of basis, and is an integer.
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c(gs) is called the Chern number. It is equal to the topological
invariant (degree) of an associated manifold called the line bundle.

Proof.
Recall that the function gs, s ∈ L, x ∈ R2, obeys

gs+t(x)− gs(x+ t)− gt(x) ∈ 2πZ.

Take here s = ν2, t = ν1, gν2(x+ ν1) + gν1(x)− gν1+ν2(x) ∈ 2πZ,
or s = ν1, t = ν2: gν1(x+ ν2) + gν2(x)− gν1+ν2(x) ∈ 2πZ.
Subtracting the second relation from the first yields c(gs), which
shows that c(g) is independent of x and is an integer.
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Flux quantization

Theorem. If a satisfies a(x+ s) = a(x) +∇gs(x) (the second
relation in (5)), then the magnetic flux through a lattice cell Ω is
quantized:

1
2π

∫
Ω

curl a = c(gs) ∈ Z, (6)

where c(gs) is the Chern number.

Eq. (6) relates a geometric quantity (flux of curvature) to a
topological one (Chern number c(gs)).

Proof. By Stokes’ theorem,∫
Ω

curl a =
∫
∂Ω
a.

Using a(x+ s) = a(x) +∇gs(x), the boundary integral reduces to

gν2(ν1)− gν2(0)− gν1(ν2) + gν1(0),

which is exactly 2πc(gs). 2

ν1

ν2

To prove this theorem, we have to find properties of automorphy
exponent gs(x). This will be done in the next lecture.
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Average flux and size of lattice

Equation (6) implies the relation between the average magnetic
flux per lattice cell,

b = 1
|Ω|

∫
Ω

curl a,

and the area of the fundamental cell:

b = 2πn
|Ω| . (7)
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Abrikosov vortex lattice states

Lemma: Physical Periodicity
A state (ψ, a) is L-equivariant iff its physical properties,

• Particle density n = |ψ|2

• Magnetic field B = curl a
• Current density j = Im(ψ̄∇aψ)

are periodic w.r.t. L.

Such solutions are called Abrikosov vortex lattice states, or simply
vortex lattices.
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Proof. If state (ψ, a) satisfies (5), then one can easily check (an
exercise) that the associated physical quantities, |ψ|2, B := curl a
and j := Im(ψ̄∇aψ) are L−periodic.

In the opposite direction, if |ψ|2, B := curl a and j := Im(ψ̄∇aψ)
are periodic with respect to a lattice L, then

a(x+ s) = a(x) +∇g̃s(x),

for some functions g̃s(x). Write ψ(x) = |ψ(x)|eiγ(x). Since

|ψ(x)| and j(x) = |ψ(x)|2(∇γ(x)− a(x))

are periodic w.r.to L, we have that ∇γ(x+ s) = ∇γ(x) +∇g̃s(x),
which implies that γ(x+ s) = γ(x) + gs(x), where
gs(x) = g̃s(x) + cs, for some constants cs. To sum up:
ψ(x+ s) = eigs(x)ψ(x) & a(x+ s) = a(x) +∇gs(x). 2
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Thank you for your attention
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Matter coupled to an Abelian gauge fields

In this lecture, we continue our study of the key class of solutions -
equivariant solutions - of matter coupled to an Abelian gauge
fields.

The latter is described by the action functional

S(ψ,A) := −
∫
R4

(
2Im(ψ̄ ∂t,a0ψ) + |∇aψ|2 +G(|ψ|2)

)
dx dt

+ Sgauge(A), (8)

where A = (a, a0), G is the self-interaction term and

∂t,a0 := ∂t − ia0, ∇a := ∇+ ia.
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Equivariant solutions

For G (a subgroup of) either the group of translations or the group
of rotations, we defined equivariant solutions, as u = (ψ, a)
satisfying

Tgu = T gauge
χg u,

for some χg(x), g ∈ G, x ∈ Rd+1, where

(Tgu)(x) = u(g−1x).

Since Tg is a group representation, the phases χg satisfy the
cocycle relation

eiχgh = (Tgeiχh) eiχg ,

equivalently,
χgh − Tgχh − χg ∈ 2πZ.
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Rotation-equivariant solutions

In the last lecture, we considered the lattice-translation-equivariant
static solutions. Now, we consider the rotation-equivariant
solutions, i.e. pairs u = (ψ, a) satisfying

Tgu = T gauge
χg u, (9)

with g ∈ G,G = SO(2) and (Tgu)(x) = u(g−1x). We can write
g ∈ SO(2) as a counterclockwise rotation, Rα, in R2 through the
angle α. Hence the general co-cycle condition
χgh − Tgχh − χg ∈ 2πZ becomes

χα+β − χβ − χα ∈ 2πZ

and therefore χα(x) = 2πnα, for some n ∈ Z. Hence (9) becomes

ψ(Rαx) = einαψ(x), a(Rαx) = Rαa(x) (10)

(only the global gauge invariance survives.)
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Eq. (10) determines the form of (ψ, a):

Lemma (Form of rotation-equivariant states)
Functions ψ(x) and a(x) satisfying (10) and div a(x) = 0 have
quantized are eigenfunctions of the spin (angular momentum)

Lψ = nψ and L̂a = Ja, (11)

where L := x∂y − y∂x, L̂ := L1 and J :=
(

0 −1
1 0

)
, and are of

the form

ψ(n)(x) = fn(r)einθ and a(n)(x) = αn(r)∇(nθ), (12)

for some radial functions fn(r) and an(r), where (r, θ) are the
polar coordinates of x ∈ R2.

Proof. By the first equation in (12), the function e−inθψ(n)(x) is
26



rotation invariant and therefore depends only on |x|.

By div a(x) = 0, the vector field a(x) can be written as
a(x) = α(x)x⊥/|x|. This, by the second equation in (12), shows
that the function α(x) is rotation invariant and therefore depends
only on |x|. 2
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Systems with non-zero particle density

In condensed matter physics, one addresses systems which have
non-zero density in the thermodynamic regime.

In the mean-field (Bogolubov) regime such systems are described
by PDE of the SM and SCS type but with the self-interaction term
G(|ψ|2) given by the double-well potential:

G(|ψ|2) = κ2

4 (|ψ|2 − 1)2,

or, more generally, G(s) ≥ 0, with two minima at ±a, with
G(±a) = 0.

ψ

G(|ψ|2)

Here the average particle density is normalized to 1 (or a).
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Condensates

With this self-interaction term, the SM and SCS systems are called
the Ginzburg-Landau and Chern-Simons (-Ginzburg-Landau)
systems.

Such systems have the homogeneous stationary solutions satisfying

|ψ(x)| ≡ 1, curlA(x) = const.

Such solutions are called the condensates.
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Localized solutions

Consider stationary states which are local perturbations of the
condensate ψ(x) : |ψ(x)| = 1, i.e. states satisfying

lim
|x|→∞

|ψ(x)| = 1.

For such states, we can define the winding number

deg(ψ) := 1
2πi

∫
|x|=R

ψ−1∇ψ, (13)

for R� 1, s.t. infx:|x|=R |ψ(x)| ≥ δ > 0. deg(ψ) is independent
of R, as long as infx:|x|=R |ψ(x)| ≥ δ > 0. In fact, we can replace
the circle |x| = R in (13) by any other large contour γ satisfying
infx∈Ran γ |ψ(x)| ≥ δ > 0. Moreover, deg(ψ) is an integer.

deg(ψ) the topological degree of the map
ψ

|ψ|
∣∣
|x|=R : S1 → S1, R� 1.
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Magnetic flux quantization

For each state as above we have the quantization of magnetic flux.

Theorem (Magnetic flux quantization)

Assume (i) lim|x|→∞ |ψ(x)| = 1 and (ii) |∇aψ(x)| . |x|−α, α > 1.
Then

1
2π

∫
R2

curl a(x) = 2π deg(ψ) ∈ Z. (14)

Proof. Let DR be a disc of radius R centred at the origin. By
Stokes theorem, we have

∫
DR

curl a(x) =
∫
∂DR

a(x). Next, we
estimate∫

∂DR

|a(x)− ( 1
iψ
∇ψ)(x)| =

∫
∂DR

|( 1
iψ
∇aψ)(x)| . R−α.
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Writing a− 1
iψ∇ψ = − 1

iψ∇aψ, using the estimate above and
taking R→∞ and using that

∫
∂DR

( 1
ψ∇ψ)(x) = deg(ψ) is

independent of R, we conclude that (14) holds. 2

Topological sectors. We say a pair, u = (ψ, a), satisfying (i) and
(ii), has the degree n, if deg(ψ) = n and

∫
R2 curl a(x) = 2πn.

Now, we can classify such pairs by the topological degree and form
topological sectors. In the time-dependent setting, this leads to the
topological conservation laws.
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n-vortices

For rotation, equivariant solutions, (ψ(n), a(n)), found in the
lemma above, we have deg(ψ(n)) = n.

The pair (ψ(n), a(n)) is called the n-vortex (magnetic or Abrikosov
in the case of superconductors, and Nielsen-Olesen or Nambu
string in the particle physics case).

The next figures show a profile a vortex and its extension to the
third dimension (line vortex, or vortex filament)

Fig: The vortex profile and vortex filament.

Solutions of such a form were proposed by Abrikosov.
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Thus, we characterized the new type of solutions - vortices - in two
different ways: topologically (by degree) and algebraically (by
O(2)-eqivariance).
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Lattice and vortex states

We considered two types of solutions: lattice states and vortex states.
They are characterized algebraically by group representations of
lattice-translation and rotation groups.

In addition, vortex states are characterized topologically (by degree). It
turns out that lattice states are also characterized topologically by degree
and this degree is equal to to the Chern number.

A key difference between the rotation and translation equivariant states is
that the former are localized and have finite energy, while the latter are
extended states (‘uniformly spread’ over the entire space) and therefore
having infinite or zero energy.

We will see later on that lattice states are ground states and vortices are
their finite energy excitations (of the corresponding physical systems).
We will also see later that lattice states have an interesting shape: they
are made of vortices arranged in lattices.
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Conclusion

We considered the electro-magnetic (or Yang-Mills) and Chern-Simons
gauge theories and their coupling to matter. These are the only Abelian
gauge theories.

We classified solutions of these theories by a topological degree (which in
the lattice case is equal to the Chern number), and equivariance group
representations.

This classification leads to quantization of the matter spin (angular
momentum) and of flux of the gauge (magnetic) field.

Group classification (rotation or lattice-translation group) leads their
geometrical localization as localized and extended states - vortex states
and lattice states - depending on whether the group is compact or not.

33



The next questions: existence, uniqueness and stability of these states.
To address these questions, we have to turn to PDEs which describe
them - the Ginzburg-Landau and Chern-Simons systems. This will be
done in the next two lectures.
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Gauge equivalence and physical symmetry

Gauge symmetry played a central role in our analysis above.

Unlike physical symmetries (translation, rotation, etc), solutions
related by gauge transformations are physically and geometrically
equivalent. Hence it is natural to consider equivalence classes

[(ψ, a)] := {(ψ′, a′) : ∃χ, (ψ′, a′) = T gauge
χ (ψ, a)}.

Choosing a representative from a class is called choosing a gauge.

Let Grm be the group of rigid motions, the semidirect product of
translations and rotations. An equivalence class [u] is invariant
under a subgroup G ⊂ Grm iff

[Tgu] = [u], ∀g ∈ G,

i.e. iff for every g ∈ G, Tgu is gauge-equivalent to u. 34



Thank you for your attention
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