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Outline of the course

1 Quantum statistics & transmutation

2 Local exclusion & stability for ideal anyons

3 The almost-bosonic, extended, interacting anyon gas

4 Nonabelian anyons & topological quantum computing

5 Outlooks and further references

Mathematics of the 2D anyon gas D. Lundholm 2/89



Lecture I

Lecture I: Quantum statistics & transmutation

Aim: terminology & rigorous definition of ideal anyon gas
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Quantum statistics in 3D

Cold bosons Cold fermions

force carriers (coherent/degenerate) matter (stable/non-degenerate)
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Quantum statistics in 2D

Different in 2D! (and in 1D)

←
→ strong pot.

quasiparticles

Ψ(x2,x1) = e±iθΨ(x1,x2) θ = απ any phase ⇒ “anyons”

+1−1 eiαπ

ei2pαπ ei(2p+1)απ

p p
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Quantum statistics in 2D (exchange a/symmetry)

Different in 2D! (and in 1D)

←
→ strong pot.

quasiparticles

Ψ(x2,x1) = e±iθΨ(x1,x2) θ = απ any phase ⇒ “anyons”

+1−1 eiαπ

ei2pαπ ei(2p+1)απ
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Anyon (/plekton/nonabelion) models

algebraic geometric magnetic

ρ : BN → U(FN )

most general most practicalmost computational

statistics transmutation

Goldin, Menikoff, Sharp ’81,’85

Moore, Seiberg, Witten ’89

Fröhlich et al. ’88-’90

Kitaev ’97-’06-

+Freedman, Wang ’02-

Bonderson ’07

+Gurarie, Nayak ’11

...

DL, Qvarfordt ’17,’20

Leinaas, Myrheim ’77

Dowker ’85

Mueller, Doebner, ’93

Mund, Schrader ’95

Dell’Antonio, Figari, Teta ’97

Goldin, Majid, ’04

Maciazek, Sawicki ’19

...

Review: DL, Qvarfordt ’20/’26

Wilczek ’82; Wu ’84

+Arovas, Schrieffer ’84, +Zee ’85

Moore, Read ’91, +Rezayi ’99

Verlinde ’91, Lee, Oh ’94 (NACS)

Mancarella, Trombettoni, Mussardo ’13

...

DL, Solovej ’13,’14

+Rougerie, Larson, Seiringer,

Correggi, Duboscq ’15-

+Yakaboylu et al ’19-

+Lambert ’23

+Ataei, Nguyen ’24, +Girardot ’25

Mathematics of the 2D anyon gas D. Lundholm 6/89



History: Gibbs
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History: Leinaas & Myrheim
IL NUOVO CIMENT0 VOL. 37 B, N. 1 11 Gennaio 1977 

On the Theory of Identical Particles. 

J . M .  ImI~AAS and J.  MY~m~II~t 

Department of Physics,  University of Oslo - Oslo 

(rieevuto il 16 Agosto 1976) 

Summary. - -  The classical configuration space of a system of identical 
particles is examined. Due to the identification of points which are 
related'by permutations of particle indices, it is essentially different, 
globally, from the Cartesian product of the one-particle spaces. This 
fact is explicitly taken into account in a quantization of the theory. 
As a consequence, no symmetry constraints on the wave functions and 
the observables need to be postulated. The two possibilities, corresponding 
to symmetric and antisymmetric wave functions, appear in a natural 
way in the formalism. But this is only the ease in which the particles move 
in three- or higher-dimensional space. In one and two dimensions a 
continuum of possible intermediate cases connects the boson and fermion 
cases. The effect of particle spin in the present formalism is discussed. 

] .  - -  I n t r o d u c t i o n .  

In  the quan tum description of a system of identical particles, the indistin- 
guishability of the particles has consequences which deeply affect the physical  
nature of the system. Usually, the indistinguishability is expressed in the theory  
by  imposing symmet ry  constraints on the state functions and on the observables. 
Thus, the state functions can be either symmetr ic  or ant isymmetr ic  with respect 
to the interchange of two particle co-ordinates, and all the observables must  be 
invariant under  such an operation. The physical  consequences of this pos tula te  
seem to be in good agreement  with the experimental  facts. However,  the 
theoretical justification of the postulate,  as found, for example, in s tandard  
textbooks (1.a), o f ~ n  seems unclear, and several authors have a t t empted  

(~) A. MESSIAH: Quamtum Mechanics, Chap. XIV (Amsterdam, 1962). 
(o) L. I. SCHI~'F: Quantum Mechanics, Chap. 10 (New York, N.Y.,  1968). 
(s) E. MERZBACH~R: Quantum Mechanics, Chap. 18 (New York, N.Y., 1961). 
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History: Goldin, Menikoff & Sharp
Representations of a local current algebra in nonsimply connected space and 
the Aharonov-Bohm effect a) 

G. A. Goldin 
Department of Mathematical Sciences. Northern Illinois University. DeKalb. Illinois. 60115 and Theoretical 
Division, Los Alamos Scientific Laboratory, University o/California, Los Alamos, New Mexico 87545 

R. Menikoff and D. H. Sharp 
Theoretical Division, Los Alamos Scientific Laboratory, University o/California, Los Alamos, New Mexico 
87545 

(Received 9 December 1980; accepted for publication 20 February 1981) 

A recent paper established technical conditions for the construction of a class of induced 
representations of the nonrelativistic current group Y A cW, where Y is Schwartz's space of 
rapidly decreasingC "'functions, andY is agroup ofC oc diffeomorphisms ofRs

• Bose and Fermi 
N-particle systems were recovered as unitarily inequivalent induced representations of the group 
by lifting the action of ,5Y on an orbit L1 Y' to its universal covering space J'. For s;;. 3,3 is the 
coordinate space for N particles, which is simply connected. In two-dimensional space, however, 
the coordinate space is multiply connected, implying induced representations other than those 
describing the usual Bose or Fermi statistics; these are explored in the present paper. Likewise the 
Aharonov-Bohm effect is described by means of induced representations of the local observables, 
defined in a nonsimply connected region of RS

• The vector potential plays no role in this 
description of the Aharonov-Bohm effect. 

PACS numbers: 03.6S.Bz 

I. INTRODUCTION 
Nonrelativistic quantum mechanics can be described 

by means of the local operators p(x}, the number density of 
particles, and J(x), the particle flux. When integrated with 
test functions having components in Schwartz' space ,Y' (C 00 

functions of rapid decrease), these operators form a Lie alge-
bra. We definep(() = fp(xlf(x) dx and J(g} = fJ(x)·g(x) dx; 
then the commutation relations (at fixed time) become 

[P((I)' P((2}] = 0, ( 1.1) 
[P((), J(g)] = ip(g·Vf), (1.2) 

(1.3) 
where (gl' g2] = g2'Vgl - gl·Vg2 is the Lie bracket of the 
vector fields gl and g2' Exponentiation of the current com-
mutators leads to the consideration of continuous unitary 
representations of the semidirect product group Y A .)f'; 
where Y' is Schwartz's space under addition, ,;V is a group 
of diffeomorphisms of Euclidean space under composition, 
and the group law is given by ((I' l\!1)'((2' l\!2) = ((I + f2°l\!I' 
l\!2°l\!I) for f"f2E.Y' and l\!1l\!2E.)f,·1-3 

The formalism of Gel'fand and Vilenkin4 describes a 
representation of Y' A ,)f' by means of a measure f.1 in .Y" 
(the space of tempered distributions), quasi-invariant under 
the action of ,5Y. For representations describing finitely 
many identical particles, f.1 is concentrated on a single orbit L1 
in .Y". In a recent paper the authors established technical 
conditions permitting the construction of a class of induced 
representations for the case of a non locally compact group 
such as the diffeomorphism group. 5 Induced representations 
of Y' A ,;V are obtained by lifting the action of ,;V on an orbit 
L1 to its universal covering space J'. In this way Bose and 
Fermi N-particle representations are recovered as induced 
representations on the same orbit, and it appears that repre-

"IWork supported by the U.S. Department of Energy. 

sentations describing parastatistics are similarly obtained. (, 
Thus the representations of Y A ,W depend importantly on 
the connectedness (more specifically, the homotopy) of the 
orbit on which the measure is concentrated. 

In three or more dimensions, the coordinate space for N 
particles is simply connected, even after removal of the set in 
which two particles have the same coordinates. In two-di-
mensional space, however, the coordinate space is multiply 
connected, leading to induced representations other than the 
usual Bose or Fermi representations. These are described in 
Sec. II of the present paper. 

In Sec. III we apply our results to describe the Ahar-
onov-Bohm effect 7 for a single boson or fermion exclusively 
in terms of observables. The reader who wishes to bypass the 
mathematical description of induced representations can 
proceed directly to this section. Excluding the particle from 
access to the region of non vanishing magnetic field results in 
a nonsimply connected orbit, and consequently a one-pa-
rameter family of inequivalent induced representations of 
the current group. Our prescription leads to the choice of an 
irreducible representation which is equivalent to that ob-
tained by requiring a phase shift A. in the wave function when 
the excluded region is circled once, where A. is proportional 
to the magnetic flux inside the excluded region at the instant 
that the particle is excluded. The vector potential for the 
magnetic field plays no role in this description of the Ahar-
onov-Bohm effect. 

Our conclusions are discussed in Sec. IV. 

II. INDUCED REPRESENTATIONS OF THE CURRENT 
GROUP DESCRIBING PARTICLES IN TWO-
DIMENSIONAL SPACE 

For a representation of ,,/ A ,;V describing N particles 
in s-dimensional, space, we have the .J)' -orbit 
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History: Wilczek
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History: Wu
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Quantum statistics done ‘right’

The configuration space of N distinguishable particles: (Rd)N
The configuration space of N identical particles in Rd: [Gibbs]

CN :=
(

(Rd)N \ 44
)/

SN ∼= {N -point subsets of Rd}

Distinct points by removal of the diagonals:

44 := {(x1, . . . ,xN ) ∈ (Rd)N : ∃ j 6= k s.t. xj = xk}

Exchanges of particles are continuous loops in CN :

{loops in CN modulo homotopy} = π1(CN ) =


1, d = 1,

BN , d = 2,

SN , d ≥ 3.

[Leinaas, Myrheim ’77; Goldin, Menikoff, Sharp ’81; Wilczek ’82]
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The braid group

BN is the braid group on N strands:

BN =
〈
σ1, . . . , σN−1 : σjσj+1σj = σj+1σjσj+1, σjσk = σkσj

〉
|j−k|>1

σj :
1 2 . . . j . . . N

σ−1
j :

1 2 . . . j . . . N

Examples in B4:

= =

σ1σ2σ1 = σ2σ1σ2 σ1σ3 = σ3σ1

If we add the relations σ2
j = 1 we obtain the permutation group SN
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Quantum statistics in Rd (exchange
?⇒ exclusion)

Ψ wave function for N distinct particles in Rd (diagonals 44):

|Ψ(x)|2, x = (x1,x2, . . . ,xN ) ∈ RdN \ 44

identical: Rd ⊃ {x1,x2, . . . ,xN} ∈ CN := (RdN \ 44)/SN

Ψ(σ.x) = ρ(σ)Ψ(x), σ ∈ π1(CN ) = 1, BN or SN

ρ(σ) exchange phase (or operator):

bosons ρ(σ) = +1, symm., ex. independent identically distributed
Ψ0 = ⊗Nu0 ∈ L2

sym

fermions ρ(σ) = sign(σ), determinantal correlations & Pauli principle
Ψ0 = u0 ∧ u1 ∧ . . . ∧ uN−1 ∈ L2

asym

anyons ρ unitary rep. of BN ... intermediate/fractional statistics?

Leinaas, Myrheim 1977; Goldin, Menikoff, Sharp 1981; Wilczek 1982
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The Hilbert space L2
α of anyon wave functions

wave function Ψ: C̃N → C, 〈Φ,Ψ〉 =
∫
CN Φ̄Ψ

probability |Ψ|2 : CN → R+, ‖Ψ‖2 =
∫
CN |Ψ|

2

exchange relations Ψ(γ.X̃) = ρ(γ)Ψ(X̃) ⇔ topological b.c., ex:

Ψ(x1, . . . ,xj , . . . ,xk, . . . ,xN ) = eiπα(2p+1)Ψ(x1, . . . ,xk, . . . ,xj , . . . ,xN )

α ∈ 2Z: bosons ⇒ Ψ ∈ L2
sym(R2N )

α ∈ 2Z + 1: fermions ⇒ Ψ ∈ L2
asym(R2N )

α /∈ Z: anyons ⇒ multivalued functions
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Example: N = 2

center of mass X := 1
2(x1 + x2)

relative coordinate r := x1 − x2 = (r cosϕ, r sinϕ)

44 =
{
X ∈ R2, r = 0

} ∼= R2

Ω =
{
X ∈ R2, r > 0, 0 ≤ ϕ ≤ π

}
⊆ R4

∂Ω =
{
X ∈ R2, r = 0 or ϕ = 0 or ϕ = π

}
C2 ∼= Ω with r ∼ −r on ∂Ω, i.e. ϕ = 0 ∼ ϕ = π

C̃2 =
{
X ∈ R2, r > 0, ϕ ∈ R (extended)

}
exchange relations on Ω (topological b.c.):

Ψ(X, r, π) = eiπαΨ(X, r, 0) ∀ X ∈ R2, r > 0

exchange relations on C̃2 (equivariance) ⇒ L2
α:

Ψ(X, r, ϕ+nπ) = eiπαnΨ(X, r, ϕ) ∀X ∈ R2, r > 0, ϕ ∈ R, n ∈ Z
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Kinetic energy (L2
α is not enough!)

Non-relativistic free kinetic energy: T = 1
2m

∑N
j=1 p

2
j

quantization: p̂j = −i~∇xj ⇒ for distinguishable particles:

T̂dist =
~2

2m︸︷︷︸
1

N∑
j=1

(−i∇xj )
2 on Ψ ∈ L2(R2N )

For indistinguishable particles: use T̂dist locally on contractible
Ω ⊆ R2N , extend globally on C̃N using the equiv. rel.s / top. b.c.
=: T̂α on L2

α (locally flat)
Formally, use the Friedrichs extension ⇒ ideal anyons:

〈Ψ, TαΨ〉 =

∫
CN

N∑
j=1

|∇xjΨ|2 ≥ 0 on Ψ ∈ L2
α

For α = 0: Tsym = −∆ on H2(R2N ) ∩ L2
sym (usual Sobolev space)

For α = 1: Tasym = −∆ on H2(R2N ) ∩ L2
asym
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Example: N = 2 (exercise)

Tα = −∆x1 −∆x2 =
1

2
(−∆X) + 2 (−∆r)︸ ︷︷ ︸

−∂2r− 1
r
∂r− 1

r2
∂2ϕ

acting on Ψ ∈ H2(Ω) with boundary conditions

Ψ(X, r, π) = eiπαΨ(X, r, 0) ∀ X ∈ R2, r > 0,

and form domain

〈Ψ, TαΨ〉 = 2

∫
X∈R2

∫ ∞
r=0

∫ π

ϕ=0

[
1

4
|∇XΨ|2 + |∂rΨ|2 +

1

r2
|∂ϕΨ|2

]
dϕdrdX
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Statistics transmutation for N = 2 (exercise)

〈Ψ, T rel
α Ψ〉 = 2

∫ ∞
r=0

∫ π

ϕ=0

[
|∂rΨ|2 +

1

r2
|∂ϕΨ|2

]
dϕdr

|∂rΦ|2 |(∂ϕ + iα)Φ|2

Write Ψ(r, ϕ) = eiαϕΦ(r, ϕ) where Φ(r, π) = Φ(r, 0) (bosonic)

Convenient:
r = (x, y) ↔ z = reiϕ ∈ C \ {0},
r⊥ = (−y, x) ↔ iz

Let Ψ = uΦ, u(z) := z
|z| = eiϕ, then ∇Ψ = u

(
u−1∇u+∇

)
Φ,

A := −iu−1∇u =
r⊥

|r|2
= ∇⊥ log |r|

The vector field A : R2 \ {0} → R2 is closed but not exact:

B := dA = curlA = ∇⊥ ·A = ∆ log |r| = 2πδ(r)

⇒ attachment of 1 unit magnetic flux! (cp. Aharonov-Bohm)
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Statistics transmutation in 2D: bosons↔fermions

Convenient: x = (x1, . . . ,xN ) ↔ z = (z1, z2, . . . , zN ) ∈ CN \ 44

Ψ = U Ψ̃, U(z) :=
∏
j<k

zj − zk
|zj − zk|

= exp

i∑
j<k

arg(zj − zk)


transmutes L2

sym ↔ L2
asym at the cost of a gauge potential:

−i∇Ψ = U (−i∇+A)Ψ̃, Aj(x) = −iU−1∇xjU =
∑
k 6=j

(xj − xk)
⊥

|xj − xk|2

T̂asym =

N∑
j=1

p̂2
j ↔ T̂sym→asym =

N∑
j=1

(
−i∇xj + Aj

)2
where curlxj Aj = 2π

∑
k 6=j δ(xj − xk) Aharonov-Bohm fluxes.
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Statistics transmutation in 2D: abelian anyons eiαπ

Convenient: x = (x1, . . . ,xN ) ↔ z = (z1, z2, . . . , zN ) ∈ CN \ 44

Ψ = UαΨ̃, U(z) :=
∏
j<k

zj − zk
|zj − zk|

= exp

i∑
j<k

arg(zj − zk)


transmutes L2

sym ↔ L2
α at the cost of a gauge potential:

−i∇Ψ = Uα(−i∇+αA)Ψ̃, Aj(x) = −iU−1∇xjU =
∑
k 6=j

(xj − xk)
⊥

|xj − xk|2

T̂α =

N∑
j=1

p̂2
j ↔ T̂sym→α =

N∑
j=1

(
−i∇xj + αAj

)2
where curlxj αAj = 2πα

∑
k 6=j δ(xj −xk) Aharonov-Bohm fluxes.
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Lecture II

Lecture II: Local exclusion & stability for ideal anyons

Aim: overview of exchange
?↔ exclusion for ideal anyons
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Stability of matter in 3D — triumph of QM & math-phys!

EN := inf spec ĤN = inf {EN [ΨN ] : ‖ΨN‖L2 = 1}

1st kind stability: EN > −∞ for N = 1 or for all N ∈ N
2nd kind stability: EN ≥ −CN , as N →∞

• Electrogravitics: Newton 1687; ... Onsager 1939;
Fisher, Ruelle ’66; Baxter ’80

• Uncertainty principle: Heisenberg 1925; Schrödinger ’26;
Hardy ’20; Sobolev ’38; Ladyzhenskaya, Gagliardo, Nirenberg ’58;
Ginzburg, Landau ’50; Gross, Pitaevskii ’61 (NLS)

• Exclusion principle: Pauli 1925; Thomas, Fermi 1927;
Dyson, Lenard ’67; Lieb, Simon ’73; Lieb, Thirring ’75

Self-generated magnetic fields: EN := infΨN ,A EN [ΨN ,A]
N = 1: Fröhlich, Lieb, Loss ’86; Loss, Yau ’86

N →∞: Fefferman ’95; Lieb, Loss, Solovej ’95

Relativity, quantized EM, ... Reviewed in the textbook of Lieb & Seiringer 2010
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Exchange vs. exclusion for anyons

How does the exclusion principle generalize to anyons?
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N = 2 N = 3

(units of ~ω, harmonic trap, center of mass excluded)
Leinaas, Myrheim ’77; Wilczek et al. ’82,’85

Murthy, Law, Brack, Bhaduri, ’91; Sporre, Verbaarschot, Zahed, ’91,’92
Canright, Johnson ’94: “Fractional statistics: α to β”

Yakaboylu et al. 2019

Exactly solvable for N = 2, numerics for N = 3, 4, . . . (very small)
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Exchange vs. exclusion for anyons

Potentially interesting dependence on α for N � 1:

E ≈ 1.43
√
αEF E ≈ EF

1.54 ok!

Chitra, Sen, 1992: schematic N →∞ spectrum, (θ = απ, harmonic trap V = 1
2
mω2|x|2)

Mathematics of the 2D anyon gas D. Lundholm 24/89



Exchange vs. exclusion for anyons

Potentially interesting dependence on α for N � 1:

E ≈ 1.43
√
αEF E ≈ EF

1.54 ok!

Chitra, Sen, 1992: schematic N →∞ spectrum, (θ = απ, harmonic trap V = 1
2
mω2|x|2)

Mathematics of the 2D anyon gas D. Lundholm 24/89



Further complications: non-ideal / singular anyons
Girvin et al. ’90; Grundberg et al. ’91; Manuel, Tarrach ’91; Murthy et al. ’91:

Solutions of the many-anyon problem 6161 

The normalization condition on the relative wavefunction yields the condition 
2 (N - 1 + L )  

a <  N ( N - I )  
which should be satisfied by any admissible solution in the Hilbert space. Here L 
can take positive or negative integer values such that 0 6 a < 1. Using the above 
condition we may now obtain a classification of various L # 0 states. Complete 
interpolation would require the domain of a to include the point a = 1. This implies 
L > ( N  - 1)( N - 2)/2, and solutions which satisfy this criterion are already known 
in the literature [S, 1. ?he non-interpolating states have L 6 ( N  - 1)(N - 2)/2, 
which, interestingly enough, have both regular and irregular solutions. These non- 
interpolating solutions remain regular in the range 

0 < a 6 Z L / N ( N  - 1) 
and irregular in the range 

2 L / N ( N - 1 )  < a < 2 ( N - 1 +  L ) / N ( N - 1 ) .  
For L < 0 the solutions are necessarily irregular 

6 ~ .  , , I  I I I  I , ?  ~ I (  I ,  I -4 
Regular - 
Irregular- - - j 

Y P 2y 
Figure L l o w  lying regular and irregular solutions 
as a function of 01. The linear solutions are uact ,  
while lhe nonlinear interpolation was obtained 
numerically. The irregular solulions do not exist 
for U > 213. Note lhat U = 0 is the tusanic end 1 

0 and U = 1 is lhe fennionic end of the speclmm. 

~ , , , , , ~ , , , , I  I ,  I ,I>,., , ,  J ~ ~~ 

0 I ..''_-..----. 0.2 0.4 0.6 0.6 

?b summarize, the normahability conditions (IO) and (16) imply that the irregular 
solutions exist only in some limited range of a that shrinks as the number of particles 
N increases. Consequently even for L = 0, there is no continuous interpolation 
between the bose and iermi iimits. A concrete exampie of such behaviour is shown 
in figure 1 for three anyons confined in an oscillator potential. The numerical 
calculations for the low-lying regular interpolating states are well known [12]. We also 
show in the same figure the lowest L = 0 irregular state from the bosonic end that 
exists only for a < 213. The physical requirement that states which exhibit fractional 
statistics should interpolate continuously would exclude these partially interpolating, 
irreyuiar (and reguiar wnen jii f Ci) soiuiions. Tnough ihe eigenvaiue does not 
demand this criterion for solutions, this has to be imposed as an additional physical 
requirement for non-zero a. It is therefore of utmost importance to he aware of 
these solutions in numerical calculations of N-anyon systems (either on a lattice or 
in the presence of some confinement potential) which may yield lower energies, but 
should be excluded by the physical criterion. 

Some exact “solutions” with energy E±(N) = 2N ± αN(N − 1):

Ψ± ∝
∏
j<k

|xj − xk|±αe−
1
2
|x|2 .

Define: As xj − xk → 0,

Ψ+(x) ∼ |xj − xk|α “ideal anyons”

Ψ−(x) ∼ |xj − xk|−α “kreinyons”

For N = 2, compare Friedrichs extension vs. Krein extension.
See Alonso-Simon ’80; Bourdeau, Sorkin ’92; Adami, Teta ’98; Correggi, Oddis ’18; Borrelli, Correggi, Fermi ’24; ...
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Local exclusion principle

A rigorous and local approach to exchange and exclusion.

Statistical repulsion manifests in three ways (at least):

1 effective scalar pairwise repulsion ⇒ Ψ→ 0 at 44:

T̂α ≥
4

N
max

{
α2
N ,

α2
2

N − 1

}∑
j<k

1

|xj − xk|2

N -“fractionality” of α:

αN := inf
p∈{0,1,...,N−2},q∈Z

∣∣(2p+ 1)α− 2q
∣∣

2 local exclusion principle: EN & N − 1

3 degeneracy pressure, ex. Thomas-Fermi or Lieb-Thirring
(uncertainty ↔ exclusion)

Hoffmann-Ostenhof2, Laptev, Tidblom ’08; DL, Solovej ’13; DL ’17; DL, Qvarfordt ’20; Ataei, Girardot, DL ’25
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The odd-numerator Thomae/“popcorn” function

α

αN→∞ = infp,q∈Z |(2p+ 1)α− 2q|
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Statistical repulsion ⇐ Poincaré inequality

Hardy inequality for fermions in Rd: [Hoffmann-Ostenhof2, Laptev, Tidblom ’08]

T̂ |H1
asym(RdN ) ≥

d2

N

∑
1≤j<k≤N

1

|xj − xk|2

Poincaré for fermions: u(−ω) = −u(ω), ω ∈ Sd−1 relative angles∫
Sd−1

|∇ωu|2 dω ≥ (d− 1)

∫
Sd−1

|u|2 dω

Poincaré (Wirtinger) for 2D fermions: u(ϕ+ π) = −u(ϕ)∫ 2π

0
|u′|2 dϕ ≥

∫ 2π

0
|u|2 dϕ
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Statistical repulsion ⇐ Poincaré inequality [2 anyons]

Poincaré for 2D fermions: u(ϕ+ π) = −u(ϕ)∫ π

0
|u′|2 dϕ ≥

∫ π

0
|u|2 dϕ

Poincaré for anyons: u(ϕ+ π) = eiπαu(ϕ), α ∈ (−1, 1]∫ π

0
|u′|2 dϕ ≥ α2

∫ π

0
|u|2 dϕ

If α ∈ R: ∫ π

0
|u′|2 dϕ ≥ min

q∈Z
|α− 2q|2

∫ π

0
|u|2 dϕ

⇒ statistical repulsion for a pair of anyons if α2 > 0
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Statistical repulsion ⇐ Poincaré inequality [2 + p anyons]

Poincaré for any number of 2D fermions: u(ϕ+ π) = −u(ϕ)∫ π

0
|u′|2 dϕ ≥

∫ π

0
|u|2 dϕ

Poincaré for 2 + p ≤ N anyons: u(ϕ+ π) = eiπ(2p+1)αu(ϕ),∫ π

0
|u′|2 dϕ ≥ min

q∈Z
|(2p+ 1)α− 2q|2

∫ π

0
|u|2 dϕ

⇒ statistical repulsion (Hardy, extensivity, LT) for anyons if 0 <

αp∈N := dist
(
eiπ(2p+1)α, 1

)
, p = 0, 1, . . . , N − 2

By nearest neighbor and scaling, actually sufficient that α2 > 0
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Abelian anyons, ex. α = 3/5

Up = e(2p+1)iπα

Re

Im

•
eiπ/5 (p ≡ 3)

•
ei3π/5 (p ≡ 0)

•
eiπ (p ≡ 2)

•
ei7π/5 (p ≡ 4)

•
ei9π/5 (p ≡ 1)

⇒ Poincaré inequality with αp∈N =


3/5, p = 0, 4, 5, ...

1/5, p = 1, 3, ...

1, p = 2, 7, ...
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Degeneracy pressure for the ideal anyon gas

The Thomas-Fermi approximation for fermions in 2D:

EN = inf
Ψ∈L2

asym

〈T̂+V̂ 〉Ψ ≈ inf
%≥0:

∫
R2 %=N

∫
R2

[
2π%(x)2 + V (x)%(x)

]
dx,

Theorem (Lieb-Thirring inequality): For any α ∈ R and Ψ 7→ %Ψ

〈T̂α〉Ψ & c(α)

∫
R2

%Ψ(x)2 dx, c(α) ∼ dist(α, 2Z) = α2.

Hence, to first order, the degeneracy pressure for the ideal anyon
gas is governed by the 2-anyon simple exchange phase eiαπ.

DL, Solovej ’13,’14; Larson, DL 18’; DL, Seiringer ’18; DL, Qvarfordt ’20
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Local exclusion ⇒ degeneracy pressure for ideal anyon gas

α

EN/N
2 & c(α) & α2

Lieb-Thirring inequality: 〈Ψ|ĤN |Ψ〉 &
∫
R2

(
c(α)%2

Ψ + V %Ψ

)
DL, Solovej ’13,’14; Larson, DL 18’; DL, Seiringer ’18; DL, Qvarfordt ’20
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Lecture III

Lecture III: The almost-bosonic, extended, interacting anyon gas

Aim: basics of the average-field approach and CSS/afP model
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Towards precise density functionals for anyons

Ground state approximation: EN/N
N→∞−−−−→ minimum of E [u]:

The Gross–Pitaevskii functional for interacting bosons: (g ∈ R)

EGP[u] :=

∫
R2

(∣∣(−i∇+ Aext)u
∣∣2 + V |u|2 + g|u|4

)
The Thomas–Fermi functional for fermions:

ETF[u] :=

∫
R2

(
2πN |u|4 + V |u|2

)
An “average-field” approximation for anyons?

Eaf [u] ≈
∫
R2

(
2παN |u|4 + V |u|2

)
Mean-field ansatz: Ψ(x) = u(x1)u(x2) . . . u(xN )
⇒ Single particle u ∈ L2(R2) in magnetic field 2παN |u(x)|2
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Approach: separate length scales R� `� 1

1 Microscopic: flux radius R > 0

, BR
j = 2π

∑
k 6=j 1B(xk,R)/(πR

2)
N -anyon Hamiltonian, R-extended, spin-orbit coupling g:

Hα,R,g
N :=

N∑
j=1

[(
−i∇xj + αAR

j

)2
+
g

2
αBR

j + V (xj)
]

2 Mesoscopic: typical interparticle scale ` ∼ %(x)−1/2

Chern–Simons–Schrödinger(–Ginzburg–Landau–Higgs)/
“average-field-Pauli” functional at β := (N − 1)α, γ = ...?:

ECSS
β,γ,V [u] :=

∫
R2

(∣∣(−i∇+ βA[|u|2])u
∣∣2 + γ|u|4 + V |u|2

)

3 Macroscopic: scale of trap V (ex. 1 or ω−1/2)

Thomas–Fermi-type functional at β � 1 and γ ∝ β:

ETF
G,V [%] :=

∫
R2

(
G%2 + V %

)
, G ≈ 2πβc(γ/β)?
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Almost-bosonic & self-interacting anyons ⇒ DFT

Average-field ansatz close to bosons (identically distributed/BEC):

Ψ(x1,x2, . . . ,xN ) ≈ u(x1)u(x2) . . . u(xN )

Statistics modelled by magnetic flux attachment to particles:

curlαAj(xj) = 2πα
∑
k 6=j

δxk(xj) ≈ 2πα(N − 1)|u(xj)|2

Almost-bosonic anyons: finite total flux ≈ 2παN → 2πβ ∈ R.
For hard-core/interacting anyons, we add a scalar pair interaction
≈ γδ0 and consider the Chern–Simons–Ginzburg–Landau–Higgs/
“average-field-Pauli” functional of u : R2 → C, % = |u|2,

∫
R2 % = 1:

Eβ,γ,V [u] :=

∫
R2

(∣∣(∇+ iβA[|u|2])u
∣∣2 + γ|u|4 + V |u|2

)
A[%] := (∇⊥ log | · |) ∗ % ⇒ curlβA[%] = 2πβ%

Special coupling (Pauli / Bogomolnyi / self-dual): γ = ±2πβ
Jackiw, Pi ’90; Dunne ’95,’98; ... DL, Rougerie ’15; Correggi et al. ’17-’19; Ataei, DL, Nguyen ’24; +Girardot ’25
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Average-field approximation

1 Regularize/extend the flux to microscopic disks of radius
R > 0 ⇒ R-extended anyons

AR
j :=

∑
k 6=j

(xj − xk)
⊥

|xj − xk|2R
, BR

j = 2π
∑
k 6=j

(
1B(0,R)

πR2

)
(xj − xk)

2 Reduce d.o.f. to a 1-body collective / mesoscopic average

AR
j ≈ AR[%Ψ] :=

x⊥

|x|2R
∗ %Ψ, BR

j ≈ BR[%Ψ]

3 Take limit R→ 0 at a rate rel. to energy/scale of coll.
problem ⇒ self-consistent magnetic problem

Wilczek’s book intro chapter ’90; heuristics in Chen et al ’89, Trugenberger ’92
bosonic: DL, Rougerie ’15; Girardot ’20; Ataei, DL, Girardot ’25
fermionic: Girardot, Rougerie ’21; Levitt, DL, Rougerie ’25
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Almost-bosonic anyons: numerics

x

-6 -4 -2 0 2 4 6

0

0.005
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0.015
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0.025

Numerical

Theoretical

β = 90, γ = 0, V (x) = |x|2

Averaged |umin|2 and comparison with %TF

vortex lattice ⇒ G ≈ 2πβc, c = 2
√
π/3 ≈ 1.18

Correggi, Duboscq, DL, Rougerie ’19
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Magnetic stability: nonlinear Landau levels (NLLs)

β

γ

0 1 2 3 4 5 6

−4π

−8π

−12π

−CLGN

−2πβ

stability

instability

∫
R2

[
|(∇+ iA)u|2 ±B|u|2

]
=

∫
R2

∣∣(∂1±i∂2)(e±ψ/2u)
∣∣2e∓ψ, if A = −1

2∇
⊥ψ
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Magnetic stability: Eβ,γ,0 ≥ 0

u : R2 → C is a global section of a U(1) complex line bundle over
R2 ∼= C with self-generated curvature B = 2πβ|u|2. Min. KE/TF:

γ∗(β) := inf

{
Eβ,0,0[u]∫
R2 |u|4

: u ∈ H1(R2;C),

∫
R2

|u|2 = 1

}
• Diamagnetic inequality:

Eβ,0,0[u] ≥
∫
R2

∣∣∇|u|∣∣2
⇒ γ∗(β) ≥ γ∗(0) = CLGN ≈ 0.931× 2π, optimal H1 ↪→ L4

embedding constant of Ladyzhenskaya-Gagliardo-Nirenberg:∫
R2

|∇u|2
∫
R2

|u|2 ≥ CLGN

∫
R2

|u|4

• Pauli/SUSY/Bogomolnyi bound: ⇒ γ∗(β) ≥ 2π|β|∫
R2

∣∣(∇+ iA)u
∣∣2 ≥ ±∫

R2

B|u|2, B = curlA
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Magnetic stability: Eβ,γ,0 ≥ 0

−γ ≤ γ∗(β) := inf
{
Eβ,0,0[u]∫
R2 |u|4

: u ∈ H1(R2;C),
∫
R2 |u|2 = 1

}
Theorem (Ataei, L., Nguyen ’24)

i) The function β 7→ γ∗(β) is Lipschitz and satisfies

γ∗(β) > max{γ∗(0), 2πβ} for every 0 < β < 2,

γ∗(β) = 2πβ for every β ≥ 2.

ii) Any minimizer, if it exists, is smooth. For small enough 0 < β < 2,
there exists a minimizer. For β ≥ 2, minimizers exist if and only if
β ∈ 2N, and are of the form

u = uP,Q :=

√
2

πβ

P ′Q− PQ′
|P |2 + |Q|2

,

where P,Q are two coprime and linearly independent complex
polynomials satisfying max(deg(P ),deg(Q)) = β/2.

iii) Finally, uP,Q = uP̃ ,Q̃ if and only if (P,Q) = Λ(P̃ , Q̃) for some

constant Λ ∈ R+ × SU(2).

Jackiw, Pi ’90; Hagen ’91; Horvathy, Yera ’98 / Aharonov, Casher ’79; Hong et al., Jackiw et al., Kim et al. 90’
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Proof via a generalized Liouville equation

NLL/SUSY: u(x) = (4πβ)−1/2eψ(x)/2f(z) ⇒ 4πβ% = eψ|f |2,

−∆ log(%) = 4πβ%− 4π

n∑
j=1

δzj ⇔ −∆ψ = |f |2eψ

zj zeros of the Wronskian P ′Q− PQ′, β/2− 1 ≤ n ≤ β − 2

Theorem (Ataei, L., Nguyen ’24)

Let f : C→ C be a nonzero polynomial. All the weak solutions
ψ ∈ L1

loc(R2;R) such that
∫
R2 |f |2eψ <∞ are of the form

ψ = ψP,Q := log(8)− 2 log(|P |2 + |Q|2),

where P,Q are two coprime complex polynomials which satisfy

f = P ′Q− PQ′. Moreover, max(deg(P ),deg(Q)) =
∫
R2 |f |

2eψ

8π , and

ψP,Q = ψP̃ ,Q̃ for some pairs of polynomials (P,Q) and (P̃ , Q̃) if and

only if (P̃ , Q̃) = Λ(P,Q), for some constant Λ ∈ U(2).

Liouville 1853; Jackiw, Pi 1990; Chen, Li ’91,’93; Chou, Wan ’94; Prajapat, Tarantello ’01; Brito et al. ’03,’05 ...
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Radially symmetric solutions

• β = 0: “Townes’ soliton”: u ∝ τ unique solution to the
critical self-focusing 2D nonlinear Schrödinger equation

−∆u− |u|2u = −u

at γ∗(0) = CLGN = ‖τ‖2L2 /2 ≈ 0.931× 2π:∫
R2

|∇τ |2
∫
R2

|τ |2 = CLGN

∫
R2

|τ |4

• β = 2: “versiera” / “the witch of Agnesi”:

u ∼ 1√
π

1

|z|2 + 1

• β = 2n, n > 1: “vortex ring”:

u ∼
√
n

π

z̄n−1

|z|2n + 1
Chiao, Garmire, Townes ’64; Weinstein ’83; Jackiw, Pi ’90

Non-radial solutions require solving an inverse Wronskian problem.
Mathematics of the 2D anyon gas D. Lundholm 44/89



Macroscopics: numerics for different β and γ

β = 10, γ = 20π, V (x) = |x|2, E ≈ 9.066

β = 100, γ = −186π, E ≈ 5.589, resp. γ = 200π, E ≈ 28.620
Ataei, Ellingsen, Getzner, Girardot, L, Nguyen ’25
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Macroscopics: energies β 7→ ECSS
β,γ,V (upper bounds)
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Macroscopics: energies β 7→ ECSS
β,γ,V (upper bounds)
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Correggi, Duboscq, L, Rougerie ’19; Ataei, Ellingsen, Getzner, Girardot, L, Nguyen ’25
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Macroscopics: energies β 7→ ECSS
β,γ,V (upper bounds)
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Macroscopics: energies β 7→ ECSS
β,γ,V (upper bounds)
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Macroscopics: energies β 7→ ECSS
β,γ,V (upper bounds)
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Lecture IV

Lecture IV: Nonabelian anyons & topological quantum computing

Aim: basics of nonabelian reps, anyons models & TQC
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Application: Topological quantum computing

[Hormozi, Bonesteel, Simon]
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History: Goldin, Menikoff & Sharp
VOLUME 54, NUMBER 6 PHYSICAL REVIEW LETTERS 11 FEBRUARY 1985

Comments on "General Theory for Quantum
Statistics in Two Dimensions"

In a recent Letter' Wu provides, among other
results, a derivation of exotic quantum statistics in
two-dimensional space using Feynman path integrals,
extending an argument given by Laidlaw and De Witt
for the three-dimensional case. The existence of such
statistics and their physical interpretation in terms of
local observables was previously obtained from the
standpoint of group representations. However, from
this standpoint more general quantum theories than
those in Ref. 1 are recognized to occur. Within a sin-
gle framework, one obtains in addition the theories of
particles obeying parastatistics, as well as particles with
spin. The description of these theories requires ex-
tension of the conventional path-integral formalism.

It has been shown that quantum mechanics in R'
can be described by unitary representations of
Diff(R'), the group of diffeomorphisms of R' which
become trivial at infinity. Quantum statistics arises
from certain induced representations of this group.
Diff(R') acts in a natural way on n-particle configura-
tion space b„whose fundamental group m. &tA) is the
braid group B„ for s = 2 and the symmetric group 8„
for s & 2. Then m t(A) serves as a gauge group for the
theory, and its unitary representations induce
representations of Diff(R') describing the various par-
ticles statistics.

Wu states that "all possible quantum statistics in
two-space are characterized by an angle parameter 0
which interpolates between bosons and fermions. "
This assertion presupposes representations of the braid
group which are one dimensional. There are, howev-
er, quantum theories obtained as representations of
Diff(R ) induced by higher-dimensional representa-
tions of m. t(A), corresponding to parastatistics (for S„)
or "unusual parastatistics" (for B„). It does not seem
widely recognized that parastatistics can also be
described by Feynman path integrals on configuration
space, taking the wave function P to be vector valued
rather than scalar valued, and the propagator E to
be an operator-valued function. Then the "weights"
X(n) in Ref. 1, Eq. (1), for n C B„or n E- S„, can
be unitary operators instead of phases, while

fexp(iS)D q remains a scalar quantity.
It should also be noted that even systems of distin-

guishable particles can be described by quantum
theories with unusual phase shifts in two-dimensional
space, because the coordinate space ((xt, . . . ,
xz) ~x; 6 R, x;e x~ for i a j) is not simply connected.
A possible example is that of quantized disturbances
such as vortices in a thin film. Now different phase
shifts can occur when different pairs of vortices circle
each other by means of continuous paths in coordinate
space. These phase shifts may be related to the rela-
tive vorticities. Thus it is not really the indistinguisha-

bility of the particles which accounts for the oc-
currence of unusua1 statistics in 8 but the two-
dimensionality of the space.

Quantum theories of particles with spin are also ob-
tained as induced representations of Diff(R ) or
Diff(R ). In one-particle configuration space, the
gauge groups are the universal covering groups of the
Lie groups SL(2,R) or SL(3,R) respectively. Unitary
representations of these groups can be decomposed
with respect to the covering groups of SO(2) or SO(3).
Now it is essential to consider the higher-dimensional
representations in carrying out the inducing construc-
tion. In three dimensions, we obtain quantum the-
ories of supermultiplets of particles with integer or
half-integer spin, and in two dimensions particles with
fractional spin, strictly from the representation theory
of the diffeomorphism group. To express these sys-
tems in terms of path integrals, it appears necessary to
enlarge the configuration space. '
Gerald A. Goldin

Department of Mathematical Sciences
Northern Illinois University
DeKalb, Illinois 60115

Ralph Menikoff and David H. Sharp
Theoretical Division
Los Alamos National Laboratory
Los Alamos, New Mexico 87545
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Fault-tolerant quantum computation by anyons

A.Yu. Kitaev*

L.D. Landau Institute for Theoretical Physics, 117940, Kosygina St. 2, Germany

Received 20 May 2002

Abstract

A two-dimensional quantum system with anyonic excitations can be considered as a quan-
tum computer. Unitary transformations can be performed by moving the excitations around
each other. Measurements can be performed by joining excitations in pairs and observing the
result of fusion. Such computation is fault-tolerant by its physical nature.
! 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

A quantum computer can provide fast solution for certain computational prob-
lems (e.g., factoring and discrete logarithm [1]) which require exponential time on
an ordinary computer. Physical realization of a quantum computer is a big challenge
for scientists. One important problem is decoherence and systematic errors in unitary
transformations which occur in real quantum systems. From the purely theoretical
point of view, this problem has been solved due to Shor!s discovery of fault-tolerant
quantum computation [2], with subsequent improvements [3–6]. An arbitrary quan-
tum circuit can be simulated using imperfect gates, provided these gates are close to
the ideal ones up to a constant precision d. Unfortunately, the threshold value of d is
rather small;1 it is very difficult to achieve this precision.

Needless to say, classical computation can be also performed fault-
tolerantly. However, it is rarely done in practice because classical gates are reliable
enough. Why is it possible? Let us try to understand the easiest thing—why classical

Annals of Physics 303 (2003) 2–30

www.elsevier.com/locate/aop

* Present address: Caltech 107-81, Pasadena, CA 91125, USA.
E-mail addresses: kitaev@itp.ac.ru, kitaev@cs.caltech.edu.
1 Actually, the threshold is not known. Estimates vary from 1/300 [7] to 10!6 [4].

0003-4916/02/$ - see front matter ! 2002 Elsevier Science (USA). All rights reserved.
PII: S0003-4916 (02 )00018-0
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Selected for a Viewpoint in Physics

PHYSICAL REVIEW B 83, 075303 (2011)

Plasma analogy and non-Abelian statistics for Ising-type quantum Hall states

Parsa Bonderson,1 Victor Gurarie,2 and Chetan Nayak1,3

1Microsoft Station Q, Elings Hall, University of California at Santa Barbara, Santa Barbara, California 93106, USA
2Department of Physics, CB390, University of Colorado, Boulder, Colorado 80309, USA

3Deparment of Physics, University of California at Santa Barbara, Santa Barbara, California 93106, USA
(Received 31 August 2010; published 7 February 2011)

We study the non-Abelian statistics of quasiparticles in the Ising-type quantum Hall states which are likely
candidates to explain the observed Hall conductivity plateaus in the second Landau level, most notably the one
at filling fraction ν = 5/2. We complete the program started in V. Gurarie and C. Nayak, [Nucl. Phys. B 506,
685 (1997)]. and show that the degenerate four-quasihole and six-quasihole wave functions of the Moore-Read
Pfaffian state are orthogonal with equal constant norms in the basis given by conformal blocks in a c = 1 + 1

2
conformal field theory. As a consequence, this proves that the non-Abelian statistics of the excitations in this state
are given by the explicit analytic continuation of these wave functions. Our proof is based on a plasma analogy
derived from the Coulomb gas construction of Ising model correlation functions involving both order and (at most
two) disorder operators. We show how this computation also determines the non-Abelian statistics of collections
of more than six quasiholes and give an explicit expression for the corresponding conformal block-derived wave
functions for an arbitrary number of quasiholes. Our method also applies to the anti-Pfaffian wave function and
to Bonderson-Slingerland hierarchy states constructed over the Moore-Read and anti-Pfaffian states.

DOI: 10.1103/PhysRevB.83.075303 PACS number(s): 73.43.Lp, 05.30.Pr, 11.25.Hf

I. INTRODUCTION

Non-Abelian braiding statistics1– 7 is currently the subject
of intense study, partly because the experimental observation
of a non-Abelian anyon would be a remarkable milestone in
fundamental science and partly because of its potential ap-
plication to topologically fault-tolerant quantum information
processing.8– 16 At present, the state which is the best candidate
to support quasiparticles with non-Abelian braiding statistics
is the experimentally observed ν = 5/2 fractional quantum
Hall state.17– 21 Efforts to observe non-Abelian anyons in this
state22– 29 and harness them for quantum computation23,30– 33

are predicated entirely on two assumptions: (i) The observed
state is in the same universality class as either the Moore-
Read (MR) Pfaffian state34 or the anti-Pfaffian state,35,36 an
assumption which is supported by numerical studies.37– 40

(There is another non-Abelian candidate, the so-called SU(2)2
NAF state,41 for this plateau, but it is not supported by
numerics.) (ii) Quasiparticle excitations above these ground
states are non-Abelian anyons. In order for this assumption
to hold, it is necessary for there to be a degenerate set
of n-quasiparticle states and for quasiparticle braiding to
transform these states into each other in such a way that
different braiding transformations do not commute.

Moore and Read34 conjectured that the MR Pfaffian state is
non-Abelian while Greiter, Wen, and Wilczek42 argued that it
is Abelian. It was subsequently shown by Nayak and Wilczek43

and by Read and Rezayi44 that there is a 2⌊ n
2 ⌋− 1-fold degenerate

set of n quasiparticle states. To show that assumption (ii) is
correct, it is further necessary to show that these degenerate
states are transformed into each other by noncommuting
transformations enacted by quasiparticle braiding. Several
different arguments43,45– 54 strongly support this hypothesis,
but a proof has been missing until now. By “proof,” we
mean an argument that relies on no unproven assumptions
beyond the existence of an excitation gap and the existence
of a screening phase for particular classical two-dimensional

(2D) plasmas at a particular temperature and, therefore, is
at the same level of rigor as the Berry’s phase calculation
for quasiparticles in the ν = 1/M Laughlin states.55 In this
paper, we supply such a proof by mapping matrix elements of
the MR Pfaffian state to the partition function of a classical
multi-component 2D plasma, possibly with magnetic charges.
Our derivation extends and completes a partial result obtained
in Ref. 45. Numerical studies provide very strong evidence that
the plasmas corresponding to the ν = 1/M Laughlin states
with M ! 70 are in the screening phase.56 Similar numerical
evidence confirming that the plasma (described in our paper)
corresponding to the ν = 1/2 MR state is in the screening
phase has recently also been obtained.57

One approach to the calculation of the braiding statistics of
quasiparticles in fractional quantum Hall states is based on an
idea due to Moore and Read.34 These authors proposed to use
the conformal blocks of conformal field theories58,59 (CFTs) as
trial wave functions for fractional quantum Hall effect states.
The conformal blocks are the holomorphic parts of correlation
functions. Unlike correlation functions, conformal blocks are
not single valued. The conformal blocks which are used as
trial wave functions for fractional quantum Hall effect states
are single valued in electron coordinates but are not single
valued in the coordinates of the quasiparticles, and it was
conjectured that the properties of the conformal blocks under
analytic continuation of the quasiparticle coordinates define
their non-Abelian statistics.

However, as emphasized by Blok and Wen,60 the analytic
continuation properties of wave functions are only part of the
story. An additional contribution to the statistics is given by
the Berry’s matrix.55,60– 63 Wave function analytic continuation
only gives the quasiparticle statistics correctly if the conformal
blocks, as electron wave functions, have matrix elements
which are independent of the quasiparticle coordinates (when
they are well separated). This includes, but is not limited to,
the diagonal matrix elements, which are the wave functions’

075303-11098-0121/2011/83(7)/075303(52) ©2011 American Physical Society
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Article

Non-Abelian braiding of graph vertices in a 
superconducting processor

Google Quantum AI and Collaborators*

Indistinguishability of particles is a fundamental principle of quantum mechanics1. For 
all elementary and quasiparticles observed to date—including fermions, bosons and 
Abelian anyons—this principle guarantees that the braiding of identical particles 
leaves the system unchanged2,3. However, in two spatial dimensions, an intriguing 
possibility exists: braiding of non-Abelian anyons causes rotations in a space of 
topologically degenerate wavefunctions4–8. Hence, it can change the observables of 
the system without violating the principle of indistinguishability. Despite the 
well-developed mathematical description of non-Abelian anyons and numerous 
theoretical proposals9–22, the experimental observation of their exchange statistics has 
remained elusive for decades. Controllable many-body quantum states generated on 
quantum processors offer another path for exploring these fundamental phenomena. 
Whereas efforts on conventional solid-state platforms typically involve Hamiltonian 
dynamics of quasiparticles, superconducting quantum processors allow for directly 
manipulating the many-body wavefunction by means of unitary gates. Building on 
predictions that stabilizer codes can host projective non-Abelian Ising anyons9,10, we 
implement a generalized stabilizer code and unitary protocol23 to create and braid 
them. This allows us to experimentally verify the fusion rules of the anyons and braid 
them to realize their statistics. We then study the prospect of using the anyons for 
quantum computation and use braiding to create an entangled state of anyons 
encoding three logical qubits. Our work provides new insights about non-Abelian 
braiding and, through the future inclusion of error correction to achieve topological 
protection, could open a path towards fault-tolerant quantum computing.

Elementary particles in three dimensions are either bosons or fermions. 
The existence of only two types is rooted in the fact that the worldlines 
of two particles in three plus one dimensions can always be untied in a 
trivial manner. Hence, exchanging a pair of indistinguishable particles 
twice is topologically equivalent to not exchanging them at all, and the 
wavefunction must remain the same. Representing the exchange as a 
matrix R acting on the space of wavefunctions with a constant number 
of particles, it is thus required that R2 = 1 (a scalar), leaving two possibili-
ties: R = 1 (bosons) and R = −1 (fermions). Such continuous deformation 
is not possible in two dimensions, thus allowing collective excitations 
(quasiparticles) to show richer braiding behaviour. In particular, this per-
mits the existence of Abelian anyons2,3,6–8,24,25, in which the global phase 
change due to braiding can take any value. It has been proposed that 
there exists another class of quasiparticles known as non-Abelian anyons, 
in which braiding instead results in a change of the observables of the 
wavefunction4,5,24. In other words, R2 does not simplify to a scalar, but 
remains a unitary matrix. Therefore, R2 is a fundamental characteristic 
of anyon braiding. The topological approach to quantum computation26 
aims to leverage these non-Abelian anyons and their topological nature 
to enable gate operations that are protected against local perturbations 
and decoherence errors5,27–30. In solid-state systems, primary candidates 
of non-Abelian quasiparticles are low-energy excitations in Hamiltonian 

systems, including the 5/2 fractional quantum Hall states31,32, vortices 
in topological superconductors33,34 and Majorana zero modes in semi-
conductors proximitized by superconductors35–38. However, direct 
verification of non-Abelian exchange statistics has remained elusive39–41.

We formulate the necessary requirements for experimentally cer-
tifying a physical system as a platform for topological quantum com-
putation5,26: (1) create an anyon pair; (2) verify the rules that govern 
the ‘collision’ of two anyons, known as the fusion rules; (3) verify the 
non-Abelian braiding statistics reflected in the matrix structure R2 and 
(4) realize controlled entanglement of anyonic degrees of freedom. 
Notably, the observation of steps (2)–(4) requires measurements of 
multi-anyon states, by means of fusion or non-local measurements.

The advent of quantum processors allows for controlled unitary 
evolution and direct access to the wavefunction rather than the 
parameters of the Hamiltonian. These features enable the use of local 
operations for efficient preparation of topological states that can host 
non-Abelian anyons, and—as we will demonstrate—their subsequent 
braiding and fusion. Moreover, these platforms allow for probing arbi-
trary Pauli strings through destructive multiqubit (that is, non-local) 
measurements. As the braiding of non-Abelian anyons in this platform 
is achieved through unitary gate control rather than adiabatic evolution 
of a Hamiltonian system, we note that the anyons are not quasiparticles 
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all elementary and quasiparticles observed to date—including fermions, bosons and 
Abelian anyons—this principle guarantees that the braiding of identical particles 
leaves the system unchanged2,3. However, in two spatial dimensions, an intriguing 
possibility exists: braiding of non-Abelian anyons causes rotations in a space of 
topologically degenerate wavefunctions4–8. Hence, it can change the observables of 
the system without violating the principle of indistinguishability. Despite the 
well-developed mathematical description of non-Abelian anyons and numerous 
theoretical proposals9–22, the experimental observation of their exchange statistics has 
remained elusive for decades. Controllable many-body quantum states generated on 
quantum processors offer another path for exploring these fundamental phenomena. 
Whereas efforts on conventional solid-state platforms typically involve Hamiltonian 
dynamics of quasiparticles, superconducting quantum processors allow for directly 
manipulating the many-body wavefunction by means of unitary gates. Building on 
predictions that stabilizer codes can host projective non-Abelian Ising anyons9,10, we 
implement a generalized stabilizer code and unitary protocol23 to create and braid 
them. This allows us to experimentally verify the fusion rules of the anyons and braid 
them to realize their statistics. We then study the prospect of using the anyons for 
quantum computation and use braiding to create an entangled state of anyons 
encoding three logical qubits. Our work provides new insights about non-Abelian 
braiding and, through the future inclusion of error correction to achieve topological 
protection, could open a path towards fault-tolerant quantum computing.

Elementary particles in three dimensions are either bosons or fermions. 
The existence of only two types is rooted in the fact that the worldlines 
of two particles in three plus one dimensions can always be untied in a 
trivial manner. Hence, exchanging a pair of indistinguishable particles 
twice is topologically equivalent to not exchanging them at all, and the 
wavefunction must remain the same. Representing the exchange as a 
matrix R acting on the space of wavefunctions with a constant number 
of particles, it is thus required that R2 = 1 (a scalar), leaving two possibili-
ties: R = 1 (bosons) and R = −1 (fermions). Such continuous deformation 
is not possible in two dimensions, thus allowing collective excitations 
(quasiparticles) to show richer braiding behaviour. In particular, this per-
mits the existence of Abelian anyons2,3,6–8,24,25, in which the global phase 
change due to braiding can take any value. It has been proposed that 
there exists another class of quasiparticles known as non-Abelian anyons, 
in which braiding instead results in a change of the observables of the 
wavefunction4,5,24. In other words, R2 does not simplify to a scalar, but 
remains a unitary matrix. Therefore, R2 is a fundamental characteristic 
of anyon braiding. The topological approach to quantum computation26 
aims to leverage these non-Abelian anyons and their topological nature 
to enable gate operations that are protected against local perturbations 
and decoherence errors5,27–30. In solid-state systems, primary candidates 
of non-Abelian quasiparticles are low-energy excitations in Hamiltonian 

systems, including the 5/2 fractional quantum Hall states31,32, vortices 
in topological superconductors33,34 and Majorana zero modes in semi-
conductors proximitized by superconductors35–38. However, direct 
verification of non-Abelian exchange statistics has remained elusive39–41.

We formulate the necessary requirements for experimentally cer-
tifying a physical system as a platform for topological quantum com-
putation5,26: (1) create an anyon pair; (2) verify the rules that govern 
the ‘collision’ of two anyons, known as the fusion rules; (3) verify the 
non-Abelian braiding statistics reflected in the matrix structure R2 and 
(4) realize controlled entanglement of anyonic degrees of freedom. 
Notably, the observation of steps (2)–(4) requires measurements of 
multi-anyon states, by means of fusion or non-local measurements.

The advent of quantum processors allows for controlled unitary 
evolution and direct access to the wavefunction rather than the 
parameters of the Hamiltonian. These features enable the use of local 
operations for efficient preparation of topological states that can host 
non-Abelian anyons, and—as we will demonstrate—their subsequent 
braiding and fusion. Moreover, these platforms allow for probing arbi-
trary Pauli strings through destructive multiqubit (that is, non-local) 
measurements. As the braiding of non-Abelian anyons in this platform 
is achieved through unitary gate control rather than adiabatic evolution 
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Geometric vs. magnetic anyon models

Lengthy discussion on mathematical definitions...

T =

N∑
j=1

p2
j

...⇒ T̂ρ quantization of kinetic energy, labeled by ρ : BN → U(D)

For abelian anyons, T̂ρ is equivalent to the magnetic operator

T̂α =

N∑
j=1

−i∇xj + α
∑
k 6=j

(xj − xk)
⊥

|xj − xk|2

2

acting on the bosonic Hilbert space L2
sym(R2N ).
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Abelian vs. non-abelian representations

An N-anyon wave function is locally a map Ψ: CN → F ,

F Hilbert space of ‘internal degrees of freedom’ on which BN acts:

ρ : BN → U(F)

〈Φ,Ψ〉 =

∫
CN
〈Φ(X),Ψ(X)〉F dX, ‖Ψ‖2 =

∫
CN
|Ψ|2F = 1

Irreducible abelian anyons: F = C,

ρ(σj) = eiαπ

Reducible abelian anyons: F = CD, D > 1,

ρ(σj) ∼ diag(eiβ1π, . . . , eiβDπ) ∀j

Non-abelian anyons: F = CD, D > N − 3 (if N > 6),

ρ(σj)ρ(σk) 6= ρ(σk)ρ(σj) for some j 6= k.
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Geometric anyon models: definition

Free anyons: demand that locally, i.e. on any topologically trivial
open subset Ω ⊆ CN , the particles behave like usual free
non-relativistic distinguishable particles (Schrödinger rep.)

T̂Ω =

N∑
j=1

(−i∇xj )
2 on Ψ ∈ C∞c (Ω;F) ⊆ L2(Ω;F),

with some fiber (local/internal) Hilbert space F ∼= CD.

Fiber bundles: globally on CN we should consider a hermitian
vector bundle E → CN with fiber F , endowed with a (locally) flat
connection A. Wave functions Ψ are L2-sections of this bundle.

Theorem: There is a 1-to-1 correspondence between such flat
bundles and representations ρ : π1(CN ) = BN → U(F).

Definition: A geometric N-anyon model is such a rep. ρ⇒ T̂ρ
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Geometric anyon models: alt. definition

Consider the covering space, i.e. the space of paths from a fixed
base point modulo homotopy equivalences,

C̃N → CN with fiber BN .

An N-anyon wave function Ψ ∈ L2
ρ is a ρ-equivariant function

Ψ: C̃N → F , Ψ(γ.X̃) = ρ([γ])Ψ(X̃), γ loop in CN ,

〈Φ,Ψ〉L2
ρ

:=

∫
CN
〈Φ(X̃),Ψ(X̃)〉F dX.

The Sobolev space H1
ρ is the closure of smooth ρ-equivariant

functions Ψ: C̃N → F , with the projection of supp Ψ to CN
compact, w.r.t.

〈Φ,Ψ〉H1
ρ

:=

∫
CN

(
〈Φ(X̃),Ψ(X̃)〉F + 〈∇Φ(X̃),∇Ψ(X̃)〉F2N

)
dX.

The associated operator is T̂ρ ≥ 0 (Friedrichs extension)
Mathematics of the 2D anyon gas D. Lundholm 61/89



Magnetic anyon models & transmutability

Sections Ψ are ρ-equivariant functions Ψρ : C̃N → F ,

Ψρ(γ.X̃) = ρ([γ])Ψρ(X̃), γ loop in CN .

Local gauge transformation Ψ→ uΨ where u : Ω→ U(F):

T̂Ω = −(∇+A)2, A(X̃) := u(X̃)−1∇u(X̃)

If uρ : C̃N → U(F) is a global section of the associated principal
bundle,

uρ(γ.X̃) = ρ([γ])uρ(X̃), γ loop in CN ,

then we have a tranformation to trivial bundle Ψ1 ∈ L2
sym(R2N ;F):

Ψρ = uρΨ1 ⇔ Ψ1 = u−1
ρ Ψρ

Definition: A transmutable N-anyon model is an N -anyon
model ρ : BN → U(F) such that its corresponding flat principal
bundle P → CN is topologically trivial.
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Magnetic anyon models & transmutability

So, transmutable models ρ may equivalently be described using
bosons (or fermions) with gauge potentials A : R2N \ 44 → u(F).

Obstacle: Only some of rep. theory of BN and topology known.

Theorem: Any abelian model is transmutable. [Dowker ’85, Mund, Schrader ’95]

Theorem: Any rep ρ : BN → U(D), N > 6, is abelian if
D < N − 2. [Formanek ’96]

• In the non-abelian case typically D ∼ cN for some c > 0.

• NACS: ρ ∼ ρ⊗N1 is transmutable.

• Transmutability of a bundle E → CN improves with E ⊕ E...
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Exchange vs. exclusion: anyons

Take a local approach to exchange and exclusion. [DL, Solovej ’13]

Statistical repulsion manifests in three ways (at least):

1 effective scalar pairwise repulsion ⇒ Ψ→ 0 at 44
2 local exclusion principle: EN ≥ π2(N − 1)+

3 degeneracy pressure, ex. Thomas-Fermi or Lieb-Thirring

Given ρ = ρN , consider ‘exchange operator’ (2p+ 1 braidings):

Up := ρ(σ1σ2 . . . σpσp+1σp . . . σ2σ1), p ∈ {0, 1, . . . , N − 2}

and ‘exchange parameters’ for p enclosed or n involved particles

βp := min{β ∈ [0, 1] : eiβπ or e−iβπ is an eigenvalue of Up}

αn := min
p∈{0,1,2,...,n−2}

βp, n ∈ {0, 1, . . . , N}.
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Statistical repulsion ⇐ Poincaré inequality

Hardy inequality for fermions in Rd: [Hoffmann-Ostenhof2, Laptev, Tidblom ’08]

T̂ρ=sign ≥
d2

N

∑
1≤j<k≤N

1

|xj − xk|2

Poincaré for fermions: u(−ω) = −u(ω), ω ∈ Sd−1 relative angles∫
Sd−1

|∇ωu|2 dω ≥ (d− 1)

∫
Sd−1

|u|2 dω

Poincaré for 2D fermions: u(ϕ+ π) = −u(ϕ)∫ 2π

0
|u′|2 dϕ ≥

∫ 2π

0
|u|2 dϕ
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Statistical repulsion ⇐ Poincaré inequality [2 anyons]

Poincaré for 2D fermions: u(ϕ+ π) = −u(ϕ)∫ π

0
|u′|2 dϕ ≥

∫ π

0
|u|2 dϕ

Poincaré for abelian anyons: u(ϕ+ π) = eiπαu(ϕ), α ∈ (−1, 1]∫ π

0
|u′|2 dϕ ≥ α2

∫ π

0
|u|2 dϕ

Poincaré for non-abelian anyons: u(ϕ+π) = U0u(ϕ), U0 ∈ U(F)∫ π

0
|u′|2 dϕ ≥ β2

0

∫ π

0
|u|2 dϕ

β0 := min{β ∈ [0, 1] : eiβπ or e−iβπ is an eigenvalue of U0}

⇒ statistical repulsion for a pair of anyons if β0 > 0
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Statistical repulsion ⇐ Poincaré inequality [2 + p anyons]

Poincaré for 2D fermions: u(ϕ+ π) = −u(ϕ)∫ π

0
|u′|2 dϕ ≥

∫ π

0
|u|2 dϕ

Poincaré for abelian anyons: u(ϕ+ π) = eiπ(2p+1)αu(ϕ),∫ π

0
|u′|2 dϕ ≥ min

q∈Z
|(2p+ 1)α− 2q|2

∫ π

0
|u|2 dϕ

Poincaré for non-abelian anyons: u(ϕ+π) = Upu(ϕ), Up ∈ U(F)∫ π

0
|u′|2 dϕ ≥ β2

p

∫ π

0
|u|2 dϕ

βp := min{β ∈ [0, 1] : eiβπ or e−iβπ is an eigenvalue of Up}

⇒ statistical repulsion (Hardy, extensivity, LT) for anyons if βp > 0
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Abelian anyons, ex. α = 3/5

Up = e(2p+1)iπα

Re

Im

•
eiπ/5 (p ≡ 3)

•
ei3π/5 (p ≡ 0)

•
eiπ (p ≡ 2)

•
ei7π/5 (p ≡ 4)

•
ei9π/5 (p ≡ 1)

⇒ Poincaré inequality with βp =


3/5, p = 0, 4, 5, ...

1/5, p = 1, 3, ...

1, p = 2, 7, ...
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Algebraic anyon models

Braided fusion categories... Idea: zoom out

Labels / topological charges / particle types:

L = {a, b, c, . . .} = {1, a, ā, b, b̄, . . .}

Fusion / splitting diagrams:

a b

µ
c

resp.
a b

µ

c

b

a c

Span spaces V c
ab
∼= V ab

c of dimension N c
ab = number of ways

fusion/splitting can occur.
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Algebraic anyon models: Fusion

Fusion algebra: a, b ∈ L,

a× b =
∑
c∈L

N c
ab c

The model turns out to be abelian if there is a unique result of
fusion,

a× b = c

Typically, N c
ab ∈ {0, 1}, i.e. multiplicity-free models.

We write c ∈ a× b if N c
ab 6= 0. Sums only over allowed indices.
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Algebraic anyon models: Fusion

Associativity of fusion: (a× b)× c = a× (b× c)

⇒ F operator (isomorphism on 2-split diagrams):

F :
b c

a e d
7→

b c

a d
e =

∑
f

F abcd;fe

b c

a f d
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Algebraic anyon models: Braiding

Commmutativity of fusion: a× b = b× a
⇒ R operator (isomorphism on 1-split diagrams): Rabc ∈ U(V ab

c )

Rab :
a b

µ

c

7→

a b

µ
c

=
∑
ν

[
Rabc

]
νµ

a b

ν
c

.

⇒ B operator (isomorphism on 2-split diagrams): B := FRF−1

b c

a e d
=
∑
f

(
F−1

)acb
d;fe

b c

a d
f

=
∑
f

Rbcf
(
F−1

)acb
d;fe

b c

a d
f

=
∑
g

∑
f

F abcd;gf R
bc
f

(
F−1

)acb
d;fe

b c

a g d
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Algebraic anyon models: Consistency conditions

Fpzw
u

Fxrw
u

Fs
yzw

Fxyt
u

Fxyz
q

x z wy

u

r
s

x z wy

u

r
q

x z wy

u

p
q

x z wy

u

p t
x z wy

u

t
s

Pentagon equation:

F abye;xuF
ucd
e;yv =

∑
w∈L

F abcv;wuF
awd
e;xvF

bcd
x;yw,
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Algebraic anyon models: Consistency conditions

y xz

p

u

y xz

r

u

y xz

q

u

y xz

r

u

y xz

u

q

y z x

p

u

F

R

F

R

F

R

Hexagon equations:

Ryxp F
yxz
u;qpR

zx
q =

∑
r∈L

F xyzu;rpR
rx
u F

yzx
u;qr,

(
Ryxp

)−1
F yxzu;qp

(
Rzxq

)−1
=
∑
r∈L

F xyzu;rp (Rrxu )−1 F yzxu;qr,
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Algebraic anyon models: Exchange operators

Standard splitting spaces:

V a,tn

c = Span

{
t t

a b1 b2
· · ·

t t

bn−2 bn−1 c
: for all possible bj

}

V ∗,t
n

∗ = Span

{
t t

b1 b2 b3
· · ·

t t

bn−1 bn bn+1

: for all possible bj

}

V ∗,t
n

∗ =
⊕
a∈L

c∈a×tn

V a,tn

c

Defines a representation ρn : Bn → U(V ∗,t
n

∗ ):

ρn(σj) :

t t . . . t t . . . t

b1 b2 . . . bj+1 . . . bn+1
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Algebraic anyon models: Exchange operators

Ut,c,t :
t c t

a b d e
7→

t c t

a b d e

=
∑
f,g,h

Bact
d;fbB

ftt
e;gdB

atc
g;hf

t c t

a h g e

Ut,{t1,...,tp},t :
t t1 t2

a1 a2 a3 a4
. . .

tp t

ap+1 ap+2 ap+3

7→

t t1.. tp t

a1 a2 . . . ap+3

If the anyon type t = t1 = . . . = tp is understood: Up := Ut,tp,t

Up = ρn(σ1σ2 . . . σpσp+1σp . . . σ2σ1)
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Exchange in algebraic anyon models

t t1
· · ·

tp t F p−1

7−−−→ c

tp

tp−1

tp−2
...

t t

Theorem ([DL, Qvarfordt])

The exchange operator of two t’s around t1, . . . , tp is given by

Ut,{t1,...,tp},t ∼
⊕

c∈t1×...×tp

Ut,c,t

where c is a possible result of the fusion t1 × t2 × . . .× tp, counted
with multiplicity.
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Fibonacci anyons

Model: L = {1, τ},
τ × τ = 1 + τ

N -particle basis states:

τ

1 τ
,

τ τ

1 τ 1
,

τ τ

1 τ τ
,

τ τ τ

1 τ τ 1
,

τ τ τ

1 τ 1 τ
,

τ τ τ

1 τ τ τ
, . . .

τN = Fib(N − 1)1 + Fib(N)τ,

where Fib(0) = 0, Fib(1) = 1, Fib(n) = Fib(n− 2) + Fib(n− 1).

F τττ1 = 1 and F ττττ =

[
φ−1 φ−1/2

φ−1/2 −φ−1

]
, φ =

1 +
√

5

2
,

Rττ1 = e4πi/5, Rτττ = e−3πi/5.

An N-anyon Fibonacci model:F = V 1,τN
∗ ∼= CD, D = Fib(N + 1)
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Fibonacci anyons: Exchange eigenvalues

Uτ,τp,τ ∼ U⊕Fib(p−1)
τ,1,τ ⊕ U⊕Fib(p)

τ,τ,τ ,
spec(Uτ,1,τ ) = {e4πi/5, e−3πi/5}, spec(Uτ,τ,τ ) = {e4πi/5, eπi/5, e−πi/5}

Re

Im
p = 0:

• e
iπ/5

•
e−iπ/5

•ei4π/5

•
e−3iπ/5

⇒ Poincaré inequality with β0 = 3/5 and βp≥1 = 1/5
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Fibonacci anyons: Exchange eigenvalues

Uτ,τp,τ ∼ U⊕Fib(p−1)
τ,1,τ ⊕ U⊕Fib(p)

τ,τ,τ ,
spec(Uτ,1,τ ) = {e4πi/5, e−3πi/5}, spec(Uτ,τ,τ ) = {e4πi/5, eπi/5, e−πi/5}

Re

Im
p = 1:

• e
iπ/5

•
e−iπ/5

•ei4π/5

•
e−3iπ/5

⇒ Poincaré inequality with β0 = 3/5 and βp≥1 = 1/5
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Fibonacci anyons: Exchange eigenvalues

Uτ,τp,τ ∼ U⊕Fib(p−1)
τ,1,τ ⊕ U⊕Fib(p)

τ,τ,τ ,
spec(Uτ,1,τ ) = {e4πi/5, e−3πi/5}, spec(Uτ,τ,τ ) = {e4πi/5, eπi/5, e−πi/5}

Re

Im
p ≥ 2:

• e
iπ/5

•
e−iπ/5

•ei4π/5

•
e−3iπ/5

⇒ Poincaré inequality with β0 = 3/5 and βp≥1 = 1/5
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Ising anyons

Model: L = {1, ψ, σ},

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1

σ

1 σ
,

σ σ

1 σ 1
,

σ σ

1 σ ψ
,

σ σ σ

1 σ 1 σ
,

σ σ σ

1 σ ψ σ
,

σ σ σ σ

1 σ 1 σ 1
,

σ σ σ σ

1 σ ψ σ 1
, . . .

σ2n+1 = 2nσ, σ2n = 2n−1(1 + ψ)

F σσσσ = ± 1√
2

[
1 1

1 −1

]
, F σψσψ;σσ = Fψσψσ;σσ = −1,

Rσσ1 = e−πi/8, Rσσψ = e3πi/8, Rσψσ = Rψσσ = −i, Rψψ1 = −1.

An N-anyon Ising model: T̂ρN with F = V 1,σN
∗ ∼= CD,D = 2bN/2c
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Ising anyons: Exchange eigenvalues

Uσ,σ2n+1,σ ∼ U⊕2n
σ,σ,σ, Uσ,σ2n,σ ∼ U⊕2n−1

σ,1,σ ⊕ U⊕2n−1

σ,ψ,σ ,
spec(Uσ,σ,σ) = {e−πi/8, e7πi/8}, spec(Uσ,1,σ) = {e−πi/8, e3πi/8}, spec(Uσ,ψ,σ) = {e−5πi/8, e7πi/8}

Re

Im
p = 0:

•
e−5iπ/8

•
e−iπ/8

•e
3iπ/8

•e
3iπ/8

•e7iπ/8

⇒ Poincaré inequality with βp≥0 = 1/8
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Ising anyons: Exchange eigenvalues

Uσ,σ2n+1,σ ∼ U⊕2n
σ,σ,σ, Uσ,σ2n,σ ∼ U⊕2n−1

σ,1,σ ⊕ U⊕2n−1

σ,ψ,σ ,
spec(Uσ,σ,σ) = {e−πi/8, e7πi/8}, spec(Uσ,1,σ) = {e−πi/8, e3πi/8}, spec(Uσ,ψ,σ) = {e−5πi/8, e7πi/8}

Re

Im
p = 1:

•
e−5iπ/8

•
e−iπ/8

•e
3iπ/8

•e
3iπ/8

•e7iπ/8

⇒ Poincaré inequality with βp≥0 = 1/8
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Ising anyons: Exchange eigenvalues

Uσ,σ2n+1,σ ∼ U⊕2n
σ,σ,σ, Uσ,σ2n,σ ∼ U⊕2n−1

σ,1,σ ⊕ U⊕2n−1

σ,ψ,σ ,
spec(Uσ,σ,σ) = {e−πi/8, e7πi/8}, spec(Uσ,1,σ) = {e−πi/8, e3πi/8}, spec(Uσ,ψ,σ) = {e−5πi/8, e7πi/8}

Re

Im
p ≥ 2 (even):

•
e−5iπ/8

•
e−iπ/8

•e
3iπ/8

•e
3iπ/8

•e7iπ/8

⇒ Poincaré inequality with βp≥0 = 1/8
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Outlooks and further references

Outlooks and further references
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Summary & outlook

• In 2D, intermediate exchange quantum statistics is possible
(eiαπ, “anyons”).

• Exchange
?↔ exclusion difficult mathematical problem!

• Precise DFT in an almost-bosonic limit α→ 0, N →∞,
αN → β ∈ R; also including self interactions γ ∈ R.

• Linearly increasing stability for |β| ≥ 2: γ ≥ −2π|β|
• For β ∈ 2Z saturated exactly by a manifold of soliton states

of dimension 2|β| (“nonlinear Landau levels”).

Ongoing work:

• Derivation from MBQM at γ 6= 0.

• External fields, potentials & more numerics.

• Fractional β/2, local sections, fermionic limit...
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Almost-fermionic anyons

Similar approach close to fermions: α = 1− β/N → 1, ~ ∼ N−1/2.
Also “virtually” extended anyons, 0 < R ∼ N−η → 0.
⇒ Actual Thomas–Fermi functional for fermions remains relevant:

ETF[%] :=

∫
R2

(
2π%2 + V %

)
More precisely, a semi-classical Vlasov functional:

EVla[µ] := (2π)−2

∫
R4

∣∣p + βA[%]
∣∣2µ(x,p)dxdp +

∫
R2

V % dx

for 0 ≤ µ(x,p) ≤ 1 a measure on phase space R4,
∫
R4 µ = (2π)2.

Minimizer:
µ(x,p) = 1

(
|p + βA[%](x)|2 ≤ 4π%(x)

)
with spatial density independent of β:

%(x) = (2π)−2

∫
R2

µ(x,p)dp = (4π)−1(λTF − V (x))+

but momentum density dep. on β. Chitra, Sen ’92; Girardot, Rougerie ’21
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Intermediate anyons? Try magnetic TF theory

Fermi sea of the Landau Hamiltonian in LDA with a self-generated
field B(x) = 2πβ%(x), % =

∑
n %n, 0 ≤ %n ≤ |B|/(2π):

EmTF[%] :=

∫
R2

∞∑
n=0

(
|B|(2n+1)%n+V %n

)
≥
∫
R2

(
2π(1+M(β))%2+V %

)

-1.0 -0.5 0.0 0.5 1.0

0.02

0.04

0.06

0.08

0.10

0.12

0.14

M(β) := β2(1− {β−1}){β−1} ∈ [0, β2/4)
Girardot, Levitt, Rougerie ’21; DL ’23; Levitt, DL, Rougerie ’25; cf. Chen et al.’89, Hu et al.’21
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A possible conjecture for the exact ground-state energy
Condens. Matter 2018, 3, 19 7 of 11

In Figure 6 the lowest energy states of the frustrated XY model are compared to the lowest energy
branch of the Hofstadter butterfly which is proportional to the Tc for superconducting networks as
predicted by the linearized GL network equations [18–21]. The general shape of the curve is very
similar and both show fractal behavior with apparent singularities at rational values of f . However,
these singularities seem of different type. In the frustrated XY model these singularities appear
logarithmic, while in the Hofstadter butterfly the singularity is approached linearly from both sides.
The similarity of these curves suggests there might be a connection between the ground state energy of
JJAs and the Tc for superconducting networks.

Figure 6. Left: Lowest energy states found for a 100 by 100 square Josephson junction array using the
frustrated XY model. Right: Lowest energy branch of the Hofstadter butterfly, which is proportional to
the Tc of a superconducting square network.

4. Conclusions

Low energy states of large finite square Josephson junction arrays have been computed with an
annealing algorithm. The resulting curve looks continuous which is in agreement with a proof of
continuity. It gives further evidence that the staircase state hypothesis is incorrect. The curve shows
logarithmic discontinuities in the derivative dE/d f at rational frustration factors f = p/q with small q.
This is consistent with the picture of independent vortex excitations on top of the base vortex pattern
when f is close to a simple fraction. These ground state vortex patterns of finite arrays seem the same
as the ground state for infinite arrays, except for a thin region at the edge of the array where vortices
are accumulated or depleted, depending on the frustration factor. However, the width of this region is
array size independent.

Author Contributions: M.L. Conceived and designed the experiment, performed the simulations and analyzed
the data. A.B., H.H., N.P. and A.G. helped interpret the results. M.L., N.P. and A.G. wrote the paper.

Acknowledgments: This work was supported by the Dutch FOM and NWO foundations.
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Appendix A

The goal of this section is to precisely state the system of differential equations describing a square
array of Josephson junctions. In the next section an algorithm to solve this system is described.

The current on a single junction after applying a finite difference scheme in time is given by
Equation (A1).

Lankhorst et al. ’18; DL ’24
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Why 2(+1)D?

“It is the purpose of our research program to study in
three-dimensional space-time the classical and quantum motions of
matter that interacts gravitationally. Since there are no
propagating gravitational degrees of freedom, the problem is
tractable, and we can learn much about the puzzles that are
encountered when a geometrical theory is confronted by quantum
mechanics. In four dimensions these puzzles exist as well, and it is
my opinion that understanding them is important for
understanding quantum gravity; a task quite independent of and
perhaps more fundamental than the task of overcoming the
unrenormalizable infinities that pollute four-dimensional gravity,
but are absent in three dimensions since non-renormalizable
graviton exchange does not occur.”

Jackiw, Topics in planar physics, 1990
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Quantum gravity: anyons on the event horizon...

knotting of the spin network at least in the vicinity of the
horizon as in Fig. 3, which cannot be unraveled through a
(small) bulk diffeomorphism. In the following we want to
investigate whether such a different knotting of the spin
network in the neighborhood of the horizon has any
observable consequences. The area operator would not
be of great help here, since Â is a function of the suð2 Þ-
Casimir operator and thus commutes with all the generators
of this Lie algebra. For a representation ρ̂ of a generic
element of the braid group one has

hρ̂ψjÂjρ̂ψi ¼ hψjρ̂−1Â ρ̂ jψi ¼ hψjÂjψi: ð61Þ

The area operator Â is thus also invariant under large
diffeomorphisms. In contrast to this, we will see that the
field strength F̂i is an observable which could in principle
be used to distinguish between different knottings since it
transforms under the action of large diffeomorphisms/braid
group of the punctured surface as

F̂i → F̂0i ¼ ρ̂−1F̂iρ̂: ð62Þ

To this aim, we take the difference of the expectation values

hρ̂nψjF̂ijρ̂nψi − hψjF̂ijψi; ð63Þ

where ρ̂n¼ ðqĴ
j
ρ1
⊗Ĵjρ2 Ppp0Þnwith n¼ 1, 2. Without loss of

generality we set N ¼ 2 and when using the Baker-
Campbell-Hausdorff formula and its Hadamard lemma
one yields

hψj
X∞

m¼0

ðni
2 π
kþ2 Þ

m

m!
½̂Jjρ1 ⊗ Ĵjρ2 ; ðP−1

12 ÞnF̂iðP12 Þn&m − F̂ijψi

ð64Þ

where ½̂Jjρ1 ⊗ Ĵjρ2 ; ðP−1
12 ÞnF̂iðP12 Þn&0 ≡ ðP−1

12 ÞnF̂iðP12 Þn

and ½̂Jjρ1 ⊗ Ĵjρ2 ; ðP−1
12 ÞnF̂iðP12 Þn&m ≡ ½̂Jjρ1 ⊗ Ĵjρ2 ; ½̂J

j
ρ1 ⊗ Ĵjρ2 ;

ðP−1
12 ÞnF̂iðP12 Þn&m−1&. Multiplying from the left with ρ̂n

gives

½̂Fi; ρ̂n& ≠0 ; ð65Þ

unless n¼ 2 and k → ∞. For n¼ 1 and k → ∞ (65)
reduces to expression (43). For example, when n¼ 2 the
commutator yields

½̂Fi; M̂& ¼ i
4 π

kþ 2

4 π
k

× iϵijkðδ2 ðx; x1ÞĴkρ1 ⊗ Ĵjρ2 þ Ĵjρ1 ⊗ Ĵkρ2 δ
2 ðx; x2 ÞÞ

þOðk−3 Þ: ð66Þ

A local stationary observer who resides on the node in
Fig. 3 at proper distance l to the horizon will be able to
discern braided from unbraided states e.g. by measuring
differences in the expectation values of the field strength
operator. When considering large black holes the effect of
the braiding onto the field strength would be negligible but
it would become relevant for smaller (and smaller getting)
black holes.
The physical picture behind the statistical phase is very

similar to what happens in electromagnetism when dealing
with the Aharonov-Bohm effect. To see this we use the
ideas presented in [49] and consider a locally flat con-
nection on S2 − fpg

AiaðxÞ ¼
ϕi

2 π
αaðxÞ ð67Þ

with αaðxÞ ∈H1ðΓ;ZÞ given by

αaðxÞ ¼ ϵab
xb− xbp

∥ð~x − ~xpÞ2 ∥
: ð68Þ

Ignoring the back of the sphere, its holonomy along a loop
γ is just given by

hγðAÞ ¼ Pei
H
γ
αadxa

ϕi
2 πĴ

i

¼ einγϕiĴi ð69Þ

providing a homomorphism from π1ðS2 − fpgÞ to SUð2 Þ.
For the physical interpretation of the parameters ϕi one
introduces the (pseudoscalar) non-Abelian magnetic field

Bi ¼ 1

2
ϵabFi

ab¼ δ2 ðx; xpÞϕi ð70Þ

and ϕi is just 4 πk Ĵ
i
ρp up to a sign when using (16). The flux

of this gravitomagnetic field through the patch S of the
surface of the sphere is given by

Φi½B; S& ¼
Z

S
Biϵabdxadxb¼ ϕi: ð71Þ

Hence, the parameters ϕi describe the flux of the grav-
itomagnetic field through the puncture p. Though it
vanishes outside of p, one has nonlocal observable effects
on S2 − fpg which are captured by (69). If we figure the

FIG. 3 (color online). Two incident bulk edges piercing the
horizon: unbraided vs upon the application of M̂ and B̂,
respectively.
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Some math-phys references on the 2D anyon gas

D. L., Properties of 2D anyon gas, invited contribution to the
Encyclopedia of Condensed Matter Physics 2e, 2024, arXiv:2303.09544

See also Leinaas & Myrheim, Fröhlich, and others in the same volume.

D. L., V. Qvarfordt, Exchange and exclusion in the non-abelian anyon
gas, 2020/2026, arXiv:2009.12709

Lecture notes for a master-level course: arXiv:1805.03063,
http://www.mathematik.uni-muenchen.de/~lundholm/methmmp.pdf

T. Girardot, Mean-field approximation for the anyon gas, Ph.D. thesis,
Université Grenoble Alpes & CNRS, 2021.

D. L., 2D magnetic stability, Int. J. Geom. Meth. Mod. Phys. 2026,
arXiv:2410.24156

A. Ataei, D. L., T. Girardot, Microscopic derivation of the stationary
Chern-Simons-Schrdinger equation for almost-bosonic anyons, 2025,
arXiv:2504.17488

A. Ataei, A. Ellingsen, F. Getzner, T. Girardot, D. L., and D.-T. Nguyen,
Nonlinear Landau levels in the almost-bosonic anyon gas, 2025,
arXiv:2510.14679
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