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A hopfion is a topologically non-trivial, and non-singular, three-dimensional texture. 
They can be thought of as realisations of the famous Hopf map between  and , 
which is the generator of . 
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B. G. Chen et al.                    
Phys. Rev. Lett. 110, 237801 (2013).



The Hopf map can be described briefly using complex coordinates. Points of  are given 
as  with . Points of  are given as a complex 
coordinate by stereographic projection. The Hopf map is  

 

Concretely, this gives a director field with Cartesian components 

 

Although direct, this is moderately abstract. It also gives the texture on  rather than 
. This can be overcome by again using stereographic projection, but then the texture 

fills all of  and is not localised as in the experiments.  

We give below a direct construction of hopfions as localised objects in , but first we 
describe the structure of the Hopf fibration. For this, we use the Pontrjagin-Thom 
construction. 
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We describe the structure of the Hopf fibration using the Pontrjagin-Thom construction.  

The magnitudes of both  and  can be written in terms of  

 

So  and the inverse image of all orientations with a fixed  is 
topologically a torus, .  

Then  and for any azimuthal angle  we have , 
; the inverse image of any orientation  is a circle, parameterised by .  

For example, the inverse image of  is the circle .  

The structure of the Hopf map is that of a fibration . The key feature is 
that the fibres (inverse image circles) are all linked with each other. Their linking 
number, called the Hopf invariant, is a topological label for hopfion states. 

Exercise: Plot this!  

nx + iny = 2 z1z2, nz = |z1 |2 − |z2 |2 .

z1 z2 nz = cos θ

|z1 |2 =
1 + nz

2
, |z2 |2 =

1 − nz

2
.

z1 = cos θ
2 eiu, z2 = sin θ

2 eiv θ
T2 = S1 × S1

nx + iny = sin θ ei(u−v) ϕ u = η + ϕ/2
v = η − ϕ/2 (θ, ϕ) η

n = ex (eiη/ 2, eiη/ 2)

S1 → S3 → S2
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The structure of the Hopf map is that of a fibration . The key feature is 
that the fibres (inverse image circles) are all linked with each other. Their linking 
number, called the Hopf invariant, is a topological label for hopfion states.  
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Phys. Rev. Lett. 110, 237801 (2013).



Recall the skyrmion texture on a disc of radius   

 

where  are polar coordinates for the disc and  is a free 
parameter.  

We generalise this to a texture on a solid cylinder  of length 
 and let  be a function of the coordinate  on the last factor.  

If the skyrmion texture on the two ends is the same then 
 for an integer . This integer is the number of full 

twists in the skyrmion cylinder and will ultimately be the Hopf 
invariant of the final hopfion texture.  

The Pontrjagin-Thom construction displays this (the inverse image of 
all ‘horizontal’ orientations) as a ‘barber pole’. 
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n = cos
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This construction can be applied to the tubular neighbourhood of a closed curve , 
identified as the axis of the cylinder.  

 is arclength along ;  is radial distance away from it; for the azimuthal angle we can 
take the solid angle of the curve (divided by two); and  is any degree  map . 

This produces a texture where the inverse images (of regular values) are all topologically 
circles (equivalent to ) that are linked with one another with linking number . 

For the basic experimental hopfions  is a circular unknot but the same construction 
works when  is any knot, or link. 

K

s K r
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The solid angle gives an angle winding around any closed curve in . A wonderful account 
of its properties was given by Maxwell in his Treatise on Electricity and Magnetism — it is 
proportional to the magnetostatic potential of a current-carrying wire. 

He also gave purely geometric descriptions. Let  be a closed curve and  a point in its 
complement. The solid angle  is the area bound by the projection of  onto the unit 
sphere centred at . It is defined modulo .

ℝ3

K x
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x 4π
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!gure 1. This projected curve has points of self-intersection in correspondence with the cross-
ings of the knot as seen from x. Upon varying x there will be particular viewing points where 
the number of visible crossings changes and at those points n also has cusps. In all cases (1) 
expresses that the solid angle at x is the area bound by the projected curve n on the observation 
sphere; indeed, Maxwell states this as the de!nition of the solid angle.

Maxwell’s !rst method of computing ω(x) is to choose arbitrary spherical coordinates 
(θ,φ) on the observation sphere, and integrate the projected area directly [21, art. 417]:

ω(x) =
∫

(1 − cos θ) dφ. (2)

If we denote by n∞ the (arbitrarily chosen) polar direction θ = 0, then (2) can be expressed 
in vector notation as

ω(x) =
∫

n∞ × n
1 + n∞ · n

· dn, (3)

a formula that has been rediscovered a number of times [30–32]. We remark that if we inter-
pret (3) as an integral over K rather than its projection on the observation sphere, the integrand 
is the vector potential for a magnetic monopole placed at x, with −n∞ corresponding to the 
choice of Dirac string. Indeed, expressing it in the spherical coordinates of (2) we recover the 
vector potential of [33]

n∞ × n
1 + n∞ · n

· 1
|y − x| =

sin θ

r(1 + cos θ)
φ̂, (4)

where r = |y − x|. Maxwell gives this formula explicitly in Cartesian coordinates and remarks 
on the role of the string (‘axis’) in evaluating the integral.

Maxwell does not advocate the use of (2), other than for computational convenience, writ-
ing that it ‘involves a choice of axes which is to some extent arbitrary, and it does not depend 
solely on the closed curve’ [21, art. 418]. We shall discuss his second method in section 3, 
but his preferred method is his third ‘as it employs no constructions which do not #ow from 
the physical data of the problem’ [21, art. 419]: viewing ω as the magnetostatic potential of 
K, it may be built by measuring the change ∆ω as we transport a unit magnetic pole along an 

Figure 1. (a) An oriented knot K with tangent vector T (here the 41) projects onto a unit 
observation sphere about a point x, giving the spherical curve shown in blue. (b) The 
projection of K onto the observation sphere gives an immersed spherical curve n, with 
self-intersections in correspondence with the crossings of the knot as seen from x. A 
unit tangent t for n is induced by the orientation of K, and we select normal γ := n × t.

J Binysh and G P Alexander J. Phys. A: Math. Theor. 51 (2018) 385202

James Clerk Maxwell
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current carrying wire: 

outside the wire: 

      (  is harmonic)

∇ × B = μ0 J, ∇ ⋅ B = 0.

B = ∇ω, ∇2ω = 0, ω

meridian of K



!(x) =

Z

K

v1 ⇥ v · dv
1 + v1 · v
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v — direction of K from x

1.

!K1(x)� !K0(x) =

Z
v0 ⇥ v1 · d(v0 + v1)

1 + v0 · v1
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3.

homotopy formula

!(x) = 2⇡
�
1 +Wr

�
�
Z

K

v ·T⇥ dT

1 + v ·T
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2.

T — tangent to K

Binysh, GPA, J. Phys. A: Math. Theor. 51, 385202 (2018)
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degenerating to the chord map as ε/ρ→ 0 to give Cs. The completion of Cs by Ss,θ is given, 
in Călugăreanu’s theorem, by a choice of framing vector u for K [29]. Here it is given, via 
projection, by the displacement vector u.

As discussed by Dennis and Hannay in [29], given some framing u, Wr(K) and Tw(K, u) 
are given by the areas swept out on an abstract sphere by Cs and Ss,θ respectively, as s varies 
along K. They point out that one may choose a special framing, which they call the ‘writhe 
framing’, such that the area swept out by Ss,θ precisely cancels that swept out by Cs, giving 

Figure 5. The structure of ω around a knotted curve, generated with the method of 
section 5. (a)–(c) Show level sets of ω of spacing π2 , each of which forms a Seifert 
surface for the knot with opacities on the near sides of the images reduced to reveal the 
inner structure of ω. (a) A twisted unknot. (b), (c) The Whitehead link (components 
in blue, green) from two viewing directions. (d) A slice through the Whitehead link 
from the same direction as (c). The local structure of ω about the knot is especially 
clear in (d)—ω winds by 4π, and as we move away from the knot, curvature induced 
corrections cause the level sets of ω to bunch along the curve normal, as discussed in 
section 4.

J Binysh and G P Alexander J. Phys. A: Math. Theor. 51 (2018) 385202

III. On Solid Angle

Maxwell gave three separate (and practical) geometric methods for computing the solid angle. 

James Clerk Maxwell



In three dimensions, the director field splits directions in space into those parallel to it 
and those perpendicular. We call the perpendicular (or orthogonal) plane .  

At every point there is a local symmetry group consisting of rotations that preserve the 
director field; it is isomorphic to . The action of the local symmetry group gives a 
decomposition of the director gradients into pieces that transform separately [Machon, 
GPA (2016)] 

ξ

SO(2)

∇n = n ⊗ ∇nn +
∇ ⋅ n

2
Iξ −

n ⋅ ∇ × n
2

Jξ + Δ .
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Figure 3.2: The splitting TR3 ⇠= Ln � ⇠ induced by orientational order. Left: A sim-
ple helical director profile, corresponding to the ground state of a cholesteric liquid
crystal or helimagnet. Right: An idealised, axisymmetric Skyrmion profile, the cen-
tral portion of which is a standard idealised model of double twist cylinders in blue
phases.

the tangent bundle

TR3 ⇠= Ln � ⇠, (3.13)

into a real line bundle, Ln, of vectors parallel to n and a rank 2 real vector

bundle, ⇠, of vectors orthogonal to n. Examples of this splitting are shown in

Figure 3.2. The gradients of n take values in TR3 ⇤⌦⇠ ⇠= (L⇤
n⌦⇠)�(⇠⇤⌦⇠), with

the first part containing the bend deformations and the second the perpen-

dicular gradients given locally in (3.6). By complete analogy with the clas-

sical di�erential geometry of surfaces we call these perpendicular gradients

the shape operator of the orientational order and think of it as a linear trans-

formation on the orthogonal 2-planes.

The shape operator decomposes in the following way. Local rotations

about the director field correspond to a local symmetry and endow the bun-

dle ⇠ with a natural SO(2) action, under which the tensor product ⇠⇤ ⌦ ⇠

splits into a direct sum I � J � E, where I and J are trivial line bundles

and E is a rank 2 vector bundle. Correspondingly, the shape operator has

the decomposition

r?n =
r · n

2
I⇠ +

n · r ⇥ n

2
J + �, (3.14)

given previously in (3.6). Here, I⇠ is the identity transformation and J = n⇥

is a complex structure on ⇠, now defined globally, while � has the global
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bend splay twist ‘deviatoric’



The structure of the gradient matrix at any point can be given in an adapted frame 
where  and  is the -plane   

 

The bottom row contains the parallel gradients ; the vector  is 
called bend.  

The upper-left 2x2 block is the orthogonal gradients ; they further decompose as  

 

These are splay ( ), twist ( ) and the deviatoric gradients ( ).  

n = ez ξ xy

∇n =

∂xnx ∂xny 0
∂ynx ∂yny 0
∂znx ∂zny 0

.

∇∥n = n ⊗ ∇nn ∇nn

∇⊥n

∇⊥n =
∇ ⋅ n

2 [1 0
0 1] −

n ⋅ ∇ × n
2 [0 −1

1 0 ] +
∂xnx − ∂yny

2 [1 0
0 −1] +

∂xny + ∂ynx

2 [0 1
1 0] .

∇ ⋅ n n ⋅ ∇ × n Δ

∇n = n ⊗ ∇nn +
∇ ⋅ n

2
Iξ −

n ⋅ ∇ × n
2

Jξ + Δ
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bend splay twist ‘deviatoric’



Each component — bend ( ), splay ( ), twist ( ), deviatoric gradients ( ) 
— carries its own geometry.  

Loosely, bend is the geometry of curves; the integral curves of the director. And when twist 
vanishes, splay and the deviatoric gradients are the geometry of surfaces; the integral surfaces 
of the planes perpendicular to the director.  

Both bend ( ) and the deviatoric gradients ( ) convey an orientation that lies entirely in 
the orthogonal plane ( ). It is like a ‘texture within a texture’ that can be analysed with 
the same methods of differential geometry as we have described here. 

  

Twist is about handedness and is an instance of contact geometry. We will describe some 
of its unique topology. This is measured by the sign of twist ; it is right-
handed when  is negative.  

A basic question is whether a topological texture admits a consistent handedness. 

∇nn ∇ ⋅ n n ⋅ ∇ × n Δ

∇nn Δ
ξ

n ⋅ ∇ × n = q ≠ 0
q
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to a vector polarization p, coming from the “banana” shape
of the molecules, with a free energy [6],

F¼
Z

K
2
j∇nj2−λb ·pþC

2
j∇pj2þU

4
ð1− jpj2Þ2dV; ð1Þ

whereK is a Frank elastic constant, λ is a coupling constant,
C is an elastic constant for the polarization, and U sets the
scale of the bulk ordering energy. This favors the heliconical
director n ¼ cos θez þ sin θðcosqzex þ sin qzeyÞ, with the
conical angle θ and helical wave vector q determined
by the elastic moduli [4,6]. The integral curves are
helices of constant curvature and torsion; the bend b ¼
q sin θ cos θð− sin qzex þ cos qzeyÞ has constant magnitude
and rotates at the same rate as the director. We review the
geometry of the heliconical director and the free energy (1) in
the Supplemental Material [25], which includes Refs. [26–
31]. On scales large compared to the helical pitch (2π=q) the
twist-bend phase has the same elastic energy as a smectic
[32–35] and exhibits all the same features, textures, and
defects, despite there being no mass-density wave. These
smecticlike defects are all associated with β lines.
We consider first screw dislocations in the helical

integral curves of the twist-bend ground state, Fig. 1.
Here, the phase of the helices winds by 2πs on a circle
enclosing the screw axis, where s is the integer dislocation
strength; we show s ¼ þ1 in Fig. 1(a) and s ¼ −1 in Fig. 1
(b). There is the same winding number in the bend (orange
arrows), guaranteeing the existence of a β line. These
textures are captured by the director field

n ¼ cos θez þ sin θ½cosϕex þ sinϕey&; ð2Þ

where ϕ ¼ qzþ s arctanðy=xÞ and the cone angle θ varies
smoothly from its far field preferred value to vanish on the

z axis. The integral curves degenerate to a straight line
along the z axis which, having no curvature, is a β line.
Using instead ϕ ¼ qzþ s arctanðz=xÞ yields an edge dis-
location, Fig. 1(c). Here the β line does not coincide with
the dislocation itself, where ϕ is singular [y axis, markedD
in Fig. 1(c)], but instead it is displaced to one side, at the
position of the hyperbolic point [H in Fig. 1(c)], where ∇ϕ
is zero [36]. A detailed comparison of the winding of ϕ
and its singularities versus that of the bend vector is given
in the Supplemental Material [25], which contains
Ref. [37]. These examples can be set in a general context:
For a smectic phase field ϕ with layer normal N we set
n ¼ cos θNþ sin θ½cosϕe1 þ sinϕe2&, where e1, e2 are an
orthonormal basis for the planes orthogonal to N that is
parallel transported along it, ð∇Ne1Þ · e2 ¼ 0. The singu-
larities in the smectic phase field then all induce β lines
in the director. In the Supplemental Material [25], we
provide examples for twist-grain-boundaries [38–40] and
parabolic focal conics [41,42].
A separate set of examples of β lines is provided by the

vortex structures familiar from cholesterics and Skyrmions.
A canonical example is the double twist profile n ¼
cos qρez þ sinqρeϕ shown in Fig. 2(a), for which the bend
is radial, b ¼ −ð1=ρÞsin2qρeρ, and vanishes linearly along
the axis with winding number þ1. Although the winding
number is the same as the s ¼ þ1 screw dislocation,
Fig. 1(a), the structure is distinct; each helical integral curve
encircles the β line, in contrast to the screw dislocationwhere
they do not. These two β lines are therefore topologically
distinct, in the sense that one cannot convert one into theother
without creating additional β lines. Such a double twist
cylinder occurs at the core of a Skyrmion embedded
in a twist-bend background, Figs. 2(b), 2(c); Skyrmions
are nonsingular field configurations in cholesterics and

(a) (b) (c)

FIG. 1. Examples of β lines in smecticlike twist-bend singularities. Director and its integral curves shown in blue, with the bend vector
in orange and β lines in green. (a), (b) Screw dislocations in the helical phase of the twist-bend ground state, with strength s ¼ þ1 (a)
and s ¼ −1 (b). Color indicates the phase ϕ from Eq. (2). Insets show the winding of the helical phase around the β line from multiple
perspectives. Orange surfaces in the bottom inset show ϕ ¼ 0 with points of equal phase along the integral curves marked by black dots.
(c) Edge dislocation in ϕ; color indicates the xy angle of the bend vector. In passing from negative to positive x the director integral
curves pick up an extra turn, implying the existence of a β line. The β line location is not the phase singularity in ϕ (D), but the
hyperbolic point H where ∇ϕ vanishes.
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The basic texture with twist is the cholesteric ground state, given by the director  

 

or any equivalent to it by a Euclidean motion. It is a helical rotation of the orientation along 
a direction perpendicular to the director. This is called the pitch axis (here the -axis). The 
parameter  — called the chirality — is the rate of rotation and sets the length scale 

 — called the pitch — of a full  rotation.

n = cos q0z ex + sin q0z ey,

z
q0

p = 2π/q0 2π
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Figure 3.2: The splitting TR3 ⇠= Ln � ⇠ induced by orientational order. Left: A sim-
ple helical director profile, corresponding to the ground state of a cholesteric liquid
crystal or helimagnet. Right: An idealised, axisymmetric Skyrmion profile, the cen-
tral portion of which is a standard idealised model of double twist cylinders in blue
phases.
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into a real line bundle, Ln, of vectors parallel to n and a rank 2 real vector
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Figure 3.2. The gradients of n take values in TR3 ⇤⌦⇠ ⇠= (L⇤
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the first part containing the bend deformations and the second the perpen-

dicular gradients given locally in (3.6). By complete analogy with the clas-

sical di�erential geometry of surfaces we call these perpendicular gradients

the shape operator of the orientational order and think of it as a linear trans-

formation on the orthogonal 2-planes.

The shape operator decomposes in the following way. Local rotations

about the director field correspond to a local symmetry and endow the bun-

dle ⇠ with a natural SO(2) action, under which the tensor product ⇠⇤ ⌦ ⇠

splits into a direct sum I � J � E, where I and J are trivial line bundles

and E is a rank 2 vector bundle. Correspondingly, the shape operator has

the decomposition
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given previously in (3.6). Here, I⇠ is the identity transformation and J = n⇥

is a complex structure on ⇠, now defined globally, while � has the global

pitch axis

the formation of the cholesteric structure in liquid
crystalline fd remains a challenge. It is important to note
that the Onsager theory predicts equally well the con-
centration dependence of the isotropic-nematic and
isotropic-cholesteric first-order phase transition. The
reason for this is that the free energy difference between
the isotropic and nematic phase is much larger than the
free energydifferencebetween thenematicand cholesteric
phase. Theaverage twist in the cholestericphase between
twoneighboringmolecules is generally less than0.1°. This
is negligible when compared to the magnitude of director
fluctuations of rodlike molecules in the nematic phase,
which are typically around 10°.

In thispaperwestudy indetail the continuumproperties
of the cholesteric phase formed by fd virus. We measure

the dependence of equilibriumpitch on concentrationand
ionic strength and compare it to theory. For two ionic
strengths we also measure the value of the twist elastic
constant (K22)asa functionof concentration. Initial studies
of the cholesteric phase of fd can be found in the thesis
of Oldenbourg.19

II. Experimental Results

Bacteriophage fd was grown and purified using standard
techniques of molecular biology.20 A stock solution at a volume
fraction of 5% was dialyzed at room temperature against Tris-
HCl buffer at pH 8.1 of the desired ionic strength and 3 mM
sodiumazide (NaN3)wereadded toprevent anybacterial growth.
This solution was spun in an ultracentrifuge which resulted in
very viscous irridescent pellet indicating a smectic or crystalline
order.Thepelletwas resuspendedat4 °Covernight in theamount
of buffer so that its final concentration was just above the
cholesteric-smectic transition.23Adilutionserieswasmade from
the smectic to isotropic phase. The concentration was measured
using the extinction coefficient OD269nm

1cm ) 3.84.18 Quartz X-ray
capillaries of 0.7 mm diameter were cleaned with sulfuric acid
and repeatedly rinsed with deionized water before being filled
with fd samples. After 24-48 h the sample would equilibrate
and a typical cholesteric texture was observed. As described
previously, a fd suspensionexhibits an increase in the isotropic-
cholesteric concentration over a period of fewweeks.21 The origin
of this time dependence is not known (although we suspect
bacterial growth). We also observed that the cholesteric pitch
systematically increases over the same time period. Typically
the values of the coexistence concentrations shift by 1%perweek
for first few months after the sample is prepared.22 Because of
this effect we performed measurements on samples that were at
most a few days old.

When viewed under a polarizing microscope the cholesteric
phase displays typical dark and bright stripes indicating that
molecules are perpendicular and parallel to the plane of
polarizers, respectively as is shown in Figure 1. The distance
between two bright lines is equivalent to half the value of the
pitch P0. The microscope objective was focused on the midplane
of the cylindrical capillary, and the picture was displayed on a

(18) Fraden, S. In Observtion, Prediction and Simulation of Phase
Transitions in Complex Fluids; Baus, M., Rull, L. F., Ryckaert, J. P.,
Eds.; Kluwer Academic Publishers: Dordrecht, 1995; pp 113-164.

(19) Oldenburg, R. Ph.D. Thesis, Universitat Konstänz, 1981.
(20) Samrook, J.; Fritsch, E. F.;Maniatis, T. In Molecular Clonings

A lab manual, 2nd ed.; Cold Springs Harbor Laboratory Press: New
York, 1989.

(21) Tang, J.; Fraden S. Phys. Rev. Lett. 1993, 71, 3509-3512.
(22) Tang, J.; Fraden, S. Biopolymers 1996, 39, 13-22.

Figure 1. Typical texture of a cholesteric phase of a liquid
crystalline sample of fd observedwith polarizationmicroscopy.
Dark lines correspond to regions where the rods are perpen-
dicular to the plane of the paper and bright lines correspond
to regions where rods are in the plane of paper. The length of
the cholesteric pitch (P0) spans two bright and two dark lines
as indicated in the micrograph. The concentration of the fd
virus is 48mg/mLand the ionic strength is 8mM.Thepositions
of the polarizer (p) and analyzer (a) are indicated in the upper
right corner. (b)Textureobservedwithapolarizationmicroscope
for a nematic phase formed by filamentous virus Pf1. A lower
limit of the pitch of Pf1 is the capillary diameter of 0.3 mm.
Althoughat themolecular level the twoviruseshaveremarkable
similarity, there is no evidence of a cholesteric phase in Pf1 as
indicated by lack of a fingerprint texture. The sample concen-
tration is 38 mg/mL and the ionic strength is 8 mM.

Figure 2. log-log plot of the cholesteric pitch (P0) versus
concentration (c) of the fd virus. The ionic strengthwas 53mM.
A fit to P0 ∝ cν reveals the scaling exponent to be -1.65 ( 0.05.
The data spans the entire range of concentrations of the
cholesteric phase for this ionic strength and temperature. The
sample is isotropic below 30 mg/mL and smectic above 150
mg/mL.
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The cholesteric ground state is the director . 

 

The gradients of the cholesteric ground state are  

 

 

The state has no bend, no splay, the twist is  and  is non-zero. 
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n ⋅ ∇ × n = − q0 Δ
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Figure 3.2: The splitting TR3 ⇠= Ln � ⇠ induced by orientational order. Left: A sim-
ple helical director profile, corresponding to the ground state of a cholesteric liquid
crystal or helimagnet. Right: An idealised, axisymmetric Skyrmion profile, the cen-
tral portion of which is a standard idealised model of double twist cylinders in blue
phases.
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Act with  on the second factor to get  

 

The pitch axis ( ) can be identified with the largest eigenvector† of .
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†More correctly, the pitch axis is the eigenvector whose eigenvalue has the same sign as .q0
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Figure 3.2: The splitting TR3 ⇠= Ln � ⇠ induced by orientational order. Left: A sim-
ple helical director profile, corresponding to the ground state of a cholesteric liquid
crystal or helimagnet. Right: An idealised, axisymmetric Skyrmion profile, the cen-
tral portion of which is a standard idealised model of double twist cylinders in blue
phases.
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Defects in the pitch axis (  lines) correspond to zeros of  — in general we call these 
umbilic lines. 

λ JξΔ
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however, from a structural point of view, they can be seen
as a composite of winding !1 umbilics, into which they
break apart under perturbation. The generic umbilic points
of a surface have been classified as stars, lemons, or
monstars [64], according to the local profile that the
principal curvature directions have in the vicinity of the
umbilic point. The same local structure arises in the rotation
of the eigenvectors of Δ around the umbilic lines of a
generic vector field in three dimensions—it is not hard to
see that the eigenvectors ofΔ rotate by only half as much as
Δ itself, i.e., by a half-integer multiple of 2π, this being the
familiar phenomenon of a real Berry phase [70,71]—so that
the local profile of an umbilic line may be classified in the
sameway as the umbilic points of a surface or the C lines of
generic electromagnetic fields [38].
We explain later that the windings just described are

equivalent to the indices of the umbilics up to a sign, which
arises because the orientation of n reverses from one
umbilic to another. (The discrepancy is therefore absent
if n is the normal to a surface, since then there is no reversal
of its orientation between umbilics, and the index is simply
the local winding of the eigenvectors of Δ.) The sum of the
indices of the umbilics yields a topological invariant,
equal to 4 times the Skyrmion number of the texture on

the two-dimensional surface. This calculation of the
Skyrmion number is dual to the usual method of integrating
a curvature form over a surface Σ ⊂ R3, which computes
the degree of the map n: Σ → S2 [37,85],

q ¼ 1

8π

Z

Σ
ϵabcna∂inb∂jncdxi ∧ dxj; ð10Þ

where all indices run from 1 through 3. The duality can be
viewed as entirely analogous to that in the classical
differential geometry of surfaces between the Gauss-
Bonnet theorem—integral of the Gaussian curvature—
and the calculation of the Euler characteristic using umbilic
points of the surface. This correspondence allows one to
localize the geometric distortions that characterize
Skyrmions—the centers of the vortices—in a principled
way.
This may be illustrated through the Skyrmion lattice of

Fig. 2. Each hexagonal unit cell contains a single
Skyrmion. When analyzed in terms of umbilics, one finds
that the center of each hexagon corresponds to a nongeneric
umbilic of winding number þ2, while every vertex marks
the location of a generic umbilic with winding number −1.
The figure shows clearly that the eigenvectors of Δ rotate
around the umbilics at half this rate with windings þ1 and
−1=2. This winding does not correspond to the index of the
umbilic, however. In Fig. 2 the eigenvectors ofΔ do not live
in the viewing plane, but rather in the spatially varying
plane of vectors with normal n. On moving from a central
umbilic to one with a−1=2 profile, n rotates by π, reversing
the orientation of this plane. Accounting for this change in
orientation assigns indices of the same sign to each umbilic
in Fig. 2 (þ2 and þ1 for each type, respectively). We show
later that this can be phrased in terms of a natural
orientation carried by each umbilic. Since each vertex is
shared between three unit cells, it follows that the total
count of umbilics per unit cell is 2þ 6 × 1=3 ¼ 4, i.e.,
exactly 4 times the Skyrmion charge Eq. (10). As already
remarked, this duality relation in determining the Skyrmion
number between the integration of a curvature form and the
count of umbilics is entirely analogous to the calculation of
the Euler characteristic of a surface using either the Gauss-
Bonnet theorem or the umbilic points. The difference that
arises here, illustrated by the example of the Skyrmion
lattice, is that the count associated with the umbilics is not
simply of their winding numbers, as in the case of surfaces,
since n is not constrained to be a surface normal.
This correspondence also allows a robust identification

of geometric distortions in materials that do not necessarily
correspond to a traditional topological object. Such an
example is given by the meron, or half-Skyrmion, which
can be seen in magnetic films [45]. A meron can be thought
of as carrying Skyrmion charge !1=2 and as such does not
correspond to a topologically well-defined object since
Skyrmion charges are, by definition, integers. From the

FIG. 2. Skyrmion lattice. Each unit cell possesses a single
central s ¼ 2 umbilic, with the six outer s ¼ 1 umbilics each
shared between three unit cells giving a total count of
2þ 6 × 1=3 ¼ 4 umbilics ¼ 1 Skyrmion per unit cell. Top left:
Unit vector field n in a Skyrmion lattice. Top right: Contour plot
of jΔj showing the umbilic lines forming a lattice of tubes.
Bottom right: Eigenvector field of Π, illustrating the þ1 winding
around the central umbilics and −1=2 winding around the outer
umbilics. Note that both are counted with the same sign as the
orientation of n changes from one to another. Bottom left:
Umbilics form lines in three dimensions.
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Δ1 ¼
1

2
ð∂1n1 − ∂2n2Þ; Δ2 ¼

1

2
ð∂1n2 þ ∂2n1Þ: ð7Þ

The vanishing of Δ is then analogous to the Cauchy-
Riemann equations. Indeed, director configurations whose
stereographic projection is a meromorphic function have
Δ1 ¼ Δ2 ¼ 0 everywhere; they are totally umbilic. As
shown by Belavin and Polyakov [37], these arise naturally
as the minimizers of Eq. (1) with q0 ¼ 0 when the domain
is two dimensional. However, this situation, where a two-
dimensional surface is totally umbilic, is not generic and, in
general, umbilics occur at isolated points in two dimensions
and along lines in three dimensions. This is simply because
Δ is two dimensional, and one requires both Δ1 ¼ 0 and
Δ2 ¼ 0, meaning umbilics are codimension 2. The pres-
ence of chirality (q0 ≠ 0) or spin-orbit coupling in the free
energy Eq. (1) yields the generic situation.
Their dimensionality, coupled with the isotropic nature

of∇⊥n on umbilic lines, means that umbilics are associated
with the centers of vortexlike distortions. For chiral free
energies such Eq. (1), the preference for twist leads to
umbilic profiles such as those shown in Figs. 1(a), 1(c), and
1(e), typically seen in materials with chiral interactions. For
chiral vortices there is an immediate correspondence with
“double twist” [8], traditionally written as ∂inj¼−q0ϵijknk,
which is equivalent to the condition of being on an umbilic
line, with only twist deformations. Typical double twist
configuration, such as shown in Fig. 1(e), are axisymmetric
and contain an umbilic line along their centerline; however,
this umbilic is not generic. In the generic case the umbilics
are nonaxisymmetric, such as the two λ lines in the
dislocation shown in Fig. 1(a). They can still correspond
to regions where the free energy is lower than that of the
helical state, as long as the other aspects of the gradient
tensor, splay and bend, are sufficiently small. Umbilic lines
with local structures dominated by splay and bend dis-
tortions, Fig. 1(d), can also be energetically favorable for
systems with a term of the form [81]

E · ððn · ∇Þn − nð∇ · nÞÞ; ð8Þ

for an external field E, replacing the chiral term in Eq. (1).
This term corresponds to the flexoelectric effect in liquid
crystalline systems [82] and to Rashba spin-orbit coupling
in magnetic systems [81]. By an analogous argument to that
given above, it is easy to see that umbilics with splay and
bend distortions can correspond to local minima of a free
energy with such a term. In this way the existence of
Skyrmion lattices, such as those shown in Fig. 2, can be
interpreted as due to the energetic preference for umbilic
lines and the association between umbilic lines and
Skyrmions, given by Eq. (20).
The decomposition Eq. (6) conveys the geometric

character of the orientational order. In geometric terms
the splay and twist correspond to the mean curvature and

the mean torsion [83,84] of the vector field, with the twist
encoding the chirality of the order with surfaces of zero
twist separating regions of different handedness. Δ can be
thought of as a deviatoric, or spin-2, component of ∇n that
conveys the local “shear” of the vector field. Its eigenvec-
tors can be used to define principal directions of the
curvature of the local orientation. In the case where n is
the normal to a surface, the transformation Eq. (6) is the
derivative of the Gauss map, or shape operator of the
surface, and the principal directions alluded to are the
directions of principal curvature. In the vicinity of an
umbilic we may write

Δ ¼ jΔj
!
cos θ sin θ

sin θ − cos θ

"
; ð9Þ

and around the umbilic the angle θ winds by an integer
multiple of 2π. An umbilic is said to be generic if it has a
winding number of %1. An example is shown in Fig. 1(a).
Umbilics with higher winding do occur, and indeed those
with winding þ2 are often observed in vortices, double
twist cylinders, and Skyrmions, with the degeneracy
coming from an imposed axisymmetry, Figs. 1(d) and
1(e). This can persist in certain experimental settings,
where there is either axisymmetry or hexagonal symmetry;

FIG. 1. Umbilic lines. (a) λþ λ− dislocation in a cholesteric. It
contains two generic umbilics. This combination of two generic
umbilics can be identified as half a Skyrmion, or a meron.
(b) Eigenvector field of Π for the dislocation. The two umbilics
have opposite windings of the eigenvectors, but are counted with
the same sign as n rotates by π when passing from one to the
other. (c) Umbilic lines can be oriented in three dimensions. (d),
(e) Typical centers of vortices, based on curvature and torsion
distortions, respectively, that correspond to winding number two
nongeneric umbilics.
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Defects in the pitch axis (  lines) correspond to zeros of  — in general we call these 
umbilic lines.  

Exercise: A local model for a zero is given by†  

. 

A way of visualising it is to plot its eigenvectors; show that it looks like a  (nematic) 
defect. What is a local model for a  defect?  

λ JξΔ

JξΔ ∼ [x y
y −x] ∼ r [cos ϕ sin ϕ

sin ϕ −cos ϕ]
+ 1

2
− 1
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The vanishing of Δ is then analogous to the Cauchy-
Riemann equations. Indeed, director configurations whose
stereographic projection is a meromorphic function have
Δ1 ¼ Δ2 ¼ 0 everywhere; they are totally umbilic. As
shown by Belavin and Polyakov [37], these arise naturally
as the minimizers of Eq. (1) with q0 ¼ 0 when the domain
is two dimensional. However, this situation, where a two-
dimensional surface is totally umbilic, is not generic and, in
general, umbilics occur at isolated points in two dimensions
and along lines in three dimensions. This is simply because
Δ is two dimensional, and one requires both Δ1 ¼ 0 and
Δ2 ¼ 0, meaning umbilics are codimension 2. The pres-
ence of chirality (q0 ≠ 0) or spin-orbit coupling in the free
energy Eq. (1) yields the generic situation.
Their dimensionality, coupled with the isotropic nature

of∇⊥n on umbilic lines, means that umbilics are associated
with the centers of vortexlike distortions. For chiral free
energies such Eq. (1), the preference for twist leads to
umbilic profiles such as those shown in Figs. 1(a), 1(c), and
1(e), typically seen in materials with chiral interactions. For
chiral vortices there is an immediate correspondence with
“double twist” [8], traditionally written as ∂inj¼−q0ϵijknk,
which is equivalent to the condition of being on an umbilic
line, with only twist deformations. Typical double twist
configuration, such as shown in Fig. 1(e), are axisymmetric
and contain an umbilic line along their centerline; however,
this umbilic is not generic. In the generic case the umbilics
are nonaxisymmetric, such as the two λ lines in the
dislocation shown in Fig. 1(a). They can still correspond
to regions where the free energy is lower than that of the
helical state, as long as the other aspects of the gradient
tensor, splay and bend, are sufficiently small. Umbilic lines
with local structures dominated by splay and bend dis-
tortions, Fig. 1(d), can also be energetically favorable for
systems with a term of the form [81]

E · ððn · ∇Þn − nð∇ · nÞÞ; ð8Þ

for an external field E, replacing the chiral term in Eq. (1).
This term corresponds to the flexoelectric effect in liquid
crystalline systems [82] and to Rashba spin-orbit coupling
in magnetic systems [81]. By an analogous argument to that
given above, it is easy to see that umbilics with splay and
bend distortions can correspond to local minima of a free
energy with such a term. In this way the existence of
Skyrmion lattices, such as those shown in Fig. 2, can be
interpreted as due to the energetic preference for umbilic
lines and the association between umbilic lines and
Skyrmions, given by Eq. (20).
The decomposition Eq. (6) conveys the geometric

character of the orientational order. In geometric terms
the splay and twist correspond to the mean curvature and

the mean torsion [83,84] of the vector field, with the twist
encoding the chirality of the order with surfaces of zero
twist separating regions of different handedness. Δ can be
thought of as a deviatoric, or spin-2, component of ∇n that
conveys the local “shear” of the vector field. Its eigenvec-
tors can be used to define principal directions of the
curvature of the local orientation. In the case where n is
the normal to a surface, the transformation Eq. (6) is the
derivative of the Gauss map, or shape operator of the
surface, and the principal directions alluded to are the
directions of principal curvature. In the vicinity of an
umbilic we may write

Δ ¼ jΔj
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and around the umbilic the angle θ winds by an integer
multiple of 2π. An umbilic is said to be generic if it has a
winding number of %1. An example is shown in Fig. 1(a).
Umbilics with higher winding do occur, and indeed those
with winding þ2 are often observed in vortices, double
twist cylinders, and Skyrmions, with the degeneracy
coming from an imposed axisymmetry, Figs. 1(d) and
1(e). This can persist in certain experimental settings,
where there is either axisymmetry or hexagonal symmetry;

FIG. 1. Umbilic lines. (a) λþ λ− dislocation in a cholesteric. It
contains two generic umbilics. This combination of two generic
umbilics can be identified as half a Skyrmion, or a meron.
(b) Eigenvector field of Π for the dislocation. The two umbilics
have opposite windings of the eigenvectors, but are counted with
the same sign as n rotates by π when passing from one to the
other. (c) Umbilic lines can be oriented in three dimensions. (d),
(e) Typical centers of vortices, based on curvature and torsion
distortions, respectively, that correspond to winding number two
nongeneric umbilics.
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†The basis of this matrix is an orthonormal pair of vectors in the orthogonal plane  in some neighbourhood of the origin (location of the defect). ξ



The director field (with  the azimuthal angle about the -axis)   

 

describes a chiral singular line — a  line — with winding number .  

We attempt to remove it, in the style of Meyer, by escape into the third dimension. It is 
an amazing fact of chiral topology that this cannot be done while maintaining the 
handedness [Pollard, GPA (2024)].  

The issue is that the boundary conditions (for large ) vary along , alternating between 
radial and tangential, and also in the directions of each. 

ϕ z

n = cos(q0z + ϕ) ex + sin(q0z + ϕ) ey,

χ +1

r z
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each pair. This structure is shown in Fig. 4(b), where the dashed
lines represent the director field. The defects can be identified
by the blue and yellow isosurfaces, which indicate the regions of
large splay and bend deformations, respectively. The singular
rings, represented in red, are surrounded by regions of large
splay elastic deformation.

Another non trivial disclination structure has been recently
reported for the 1[+2] configuration,29 see Fig. 5(b) and (c) for a
top and side view of the shell. We showed that the disclination
of global winding number +2 relaxes into two l+1 lines that
wind around each other in a double-helix, as numerically

predicted by Seč et al.14 for droplets, see Fig. 5(a). Two pairs
of +1 boojums are also present on the inner and outer boundaries
of the shell, which appear in Fig. 5(a) as two points of concen-
trated distortion at the upper and lower planes. An interesting
feature concerns the size of the overall disclination structure,
of total winding number +2, which seems to change with p.
To investigate this, we consider 1[+2] shells obtained for differ-
ent values of p. Fig. 5(d) shows three pictures of the defect cores,
corresponding to p = 9 mm, p = 3.6 mm, and p = 1.36 mm from left
to right. The scale bar is identical in each image and corre-
sponds to 10 mm. All the pictures have been taken for very
similar R C 50 mm. It is clear from Fig. 5(d) that the spatial
extension s of the defect structure increases with p. More
quantitatively, we even find that the spatial extent s/R of the
defect is directly proportional to the rescaled cholesteric pitch
p/R, as shown in Fig. 5(e).

The first of the newly reported configurations in cholesteric
shells is the tetravalent state characterised by four disclinations
of +1/2 winding number. To investigate the nature of the observed
+1/2 line, we perform numerical simulations. Instead of a pure
straight w+1/2 line, we see a singular disclination of helical shape
with a period of half the cholesteric pitch, and a l+1/2 defect
winding around it, terminating the cholesteric layers, see Fig. 6(a).
The singular disclination line has locally a !1/2 winding number,
and resembles a t!1/2 disclination, even though the twist axis is
ill-defined around the core of the structure. The slope of the
helix, together with the additional twist provided by the l dis-
clinations, explain the seemingly contradictory transition from
the +1/2 far-field winding and a !1/2 local winding of the
singular defect core – another demonstration that all singular
disclinations in the director are topologically equivalent.

Another configuration that presents +1/2 defects is the 1[+1] +
2[+1/2] configuration. The +1 defect resembles very much that of
the 2[+1]. Indeed, its larger spatial extent and very similar shape
make us believe that it actually corresponds to the same structure.
Similarly, the +1/2 defects seem to be identical in the 1[+1] + 2[+1/2]
and 4[+1/2] configurations. The trivalent state can therefore be
described as follows: one defect composed of alternating t!1/2 and
l+1/2 disclination rings, arranged as shown in Fig. 4(b), and two +1/2
disclination lines with the structure shown in Fig. 6(a).

The last but perhaps most intriguing defect combination is
the state with +3/2 and +1/2 defects, see Fig. 1(d), which seems

Fig. 4 (a) Schematics of w+1, t!1/2 and l+1/2 disclinations in cholesterics.
(b) A simulated cross section of a +1 defect for c = 2.5, showing that the
defect core consists of a sequence of hyperbolic hedgehogs in the form of
small t!1/2 disclination rings, and a sequence of l+1/2 rings that terminate
the layers. The splay-bend parameter54 is used to highlight defects as
regions of high deformation: blue and yellow regions respectively indicate
zones of high splay and bend distortion. (c) Side view of a 2[+1] shell
between crossed polarisers, revealing a visible nonuniform structure of the
defect core, which is enlarged in (d). Scale bar: 20 mm.

Fig. 5 (a) Simulation of a nonsingular +2 defect core, consisting of two helically winding l+1 disclinations, ending as boojums at the boundary surfaces.
The splay-bend parameter54 is used to highlight defects as regions of high deformation: blue and yellow regions respectively indicate zones of high splay
and bend distortion. (b) Side view of a 1[+2] shell between crossed polarisers. (c) Top view of a 1[+2] shell between crossed polarisers. (d) Crossed
polarised images of +2 defects corresponding to shells with p = 9 mm, p = 3.6 mm, and p = 1.36 mm from left to right. (e) Rescaled defect spatial extension
s/R as a function of the rescaled cholesteric pitch p/R. Scale bar: 10 mm.
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Consider places where the boundary condition is tangential ( ), so either 
 or .  

The key insight is that escape up is left-handed in the former case ( ) and right-
handed in the latter ( ). The situation is exactly reversed for escape down. 

Exercise: Check this!

q0z = π/2 + π × integer
n = + eϕ n = − eϕ

n = + eϕ
n = − eϕ
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The key insight is that escape up is left-handed in the former case ( ) and right-
handed in the latter ( ). The situation is exactly reversed for escape down. 

Thus, escape up everywhere is associated with periodic reversals in the handedness. These 
reversals are an amazing, and unique, type of chiral topological soliton.  

Maintaining a consistent handedness involves periodic reversals in the direction of escape. As 
escape up and escape down are topologically distinct, this creates a string of point defects 
along the axis of the escaped line. 

n = + eϕ
n = − eϕ
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χ+1

right-handed
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chiral non-singular

escape up

escape down

defect

defect
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V. Chiral Escape, Frustration and Defects

The same chiral topological solitons are seen in capillaries with purely normal anchoring.  

Recall that the interface between escape up and escape down is marked by a point defect 
and that two different interfaces arise, depending on the order. Interfaces with a degree  
point defect are chiral, while those with a degree  point defect are not.  

−1
+1

590

FIG. 1. - a) Modèle de Frank (1) pour une disinclinaison S = + 1. b) Remaniement continu d’une S = + 1 ; c) Modèle planaire d’une
S = - 1 ; d) Remaniement continu d’une S = - 1 ; e) Arrangement des lignes de force des directeurs d’un nématique dans un tube capil-
laire avec des conditions homéotropes au niveau de la paroi ; deux types de points singuliers + 1 et - 1 peuvent être observés ; f ) Pré-
sence d’une paire de fils épais dans le plan méridien ; l’arrangement des directeurs est schématisé en deux régions : entre l’axe et le niveau ro,
il y a torsion pure ; de ro à la paroi, il y a flexion ; g) Arrangement voisin de f ; h) Arrangement voisin de g ; il n’y a plus de directeurs ver-
ticaux dans ce plan méridien; i, j, k : coupes transversales correspondant aux modèles f, g, h ; les cercles évidés représentent les sections
des fils épais ; 1) Structure méridienne d’un point singulier où aboutissent deux fils épais ; m) Situation topologiquement équivalente à 1 ;

n) Interprétation de la figure 2d ; la zone de torsion au contact du ménisque a été très agrandie.
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interface — defect

interface — defect
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achiral chiral



V. Chiral Escape, Frustration and Defects

The same chiral topological solitons are seen in capillaries with purely normal anchoring.  

Recall that the interface between escape up and escape down is marked by a point defect 
and that two different interfaces arise, depending on the order. Interfaces with a degree  
point defect are chiral, while those with a degree  point defect are not.  

This is topological and cannot be removed by increasing the chirality.  
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FIG. 1. - a) Modèle de Frank (1) pour une disinclinaison S = + 1. b) Remaniement continu d’une S = + 1 ; c) Modèle planaire d’une
S = - 1 ; d) Remaniement continu d’une S = - 1 ; e) Arrangement des lignes de force des directeurs d’un nématique dans un tube capil-
laire avec des conditions homéotropes au niveau de la paroi ; deux types de points singuliers + 1 et - 1 peuvent être observés ; f ) Pré-
sence d’une paire de fils épais dans le plan méridien ; l’arrangement des directeurs est schématisé en deux régions : entre l’axe et le niveau ro,
il y a torsion pure ; de ro à la paroi, il y a flexion ; g) Arrangement voisin de f ; h) Arrangement voisin de g ; il n’y a plus de directeurs ver-
ticaux dans ce plan méridien; i, j, k : coupes transversales correspondant aux modèles f, g, h ; les cercles évidés représentent les sections
des fils épais ; 1) Structure méridienne d’un point singulier où aboutissent deux fils épais ; m) Situation topologiquement équivalente à 1 ;

n) Interprétation de la figure 2d ; la zone de torsion au contact du ménisque a été très agrandie.
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To produce non-singular textures with a consistent handedness we need to go to higher 
winding numbers in the singular line.  

First, observe that  

 

is the normalisation of . A +2 singular line is the normalisation of . 

We use this unnormalised form to study its escape into the third dimension. 

nx + iny = ei(q0z+ϕ) =
(x + iy) eiq0z

x2 + y2
,

(x + iy) eiq0z (x + iy)2 eiq0z
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A +2 singular line is the normalisation of . 

Consider its unfolding into two +1 lines at positions  in the -plane  

 

Near each of these, the local structure is ( )  

 

If we take  these become  and each has a 
consistent vortical profile along the entire -axis. 

(x + iy)2 eiq0z

±w(z) xy

nx + iny = (x + iy − w(z))(x + iy + w(z)) eiq0z .

x + iy = ± w(z) + u + iv

nx + iny ≃ ± (u + iv) 2w(z) eiq0z .

w(z) = iR e−iq0z nx + iny ≃ ± 2R(iu − v)
z
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wp = + 2

wp = + 1

wp = + 1



If we take  these become  and each has a 
consistent vortical profile along the entire -axis.  

We can then escape them consistently, the plus sign escaping down and the minus sign 
escaping up. The two escaped +1 lines wind around each other in a left-handed helix.  

Exactly this motif is seen in textures of cholesteric droplets with tangential anchoring. 
If it is created locally (within a ball) in the cholesteric ground state, the system relaxes 
to a heliknoton. 

w(z) = iR e−iq0z nx + iny ≃ ± 2R(iu − v)
z
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Figure 7. Formation of helical structures in cholesterics. (a) Escaping along a χ+2 line results in a stable region of reversed
handedness (red). The director is shown on a cross-sectional disc (white arrows). The lines where the director is aligned with the
ez direction are shown as yellow tubes. The director is planar around the boundary of the illustrated disc, and so the director can
be assigned an invariant (2,0) ∈ π2(RP2,RP1). (b) Instead of escaping, a χ+2-line in a cholesteric splits into a pair of
intertwined τ+1-lines, which then escape into λ+1-lines (pale blue isosurface). The winding of the director, shown as white sticks
on a cross-sectional slice, is visualised through the Pontryagin–Thom surface where the z-component vanishes. (c) The χ+2-line
arises naturally in a spherical droplet, where its escape results in a double-helix λ-line structure. The director is shown on a
cross-section, coloured blue or yellow according to whether the director points into, or out of, the slice.

while near ζ =−Reiq
′z we have

m= eiα
(
ζ +Reiq

′z
)
(−2R) ei(q+q ′)z + · · ·= ei(α+π)

(
ζ +Reiq

′z
)
2Rei(q+q ′)z + · · · (20)

Since the ζ coordinate system does not depend on z, the rotation of the profile along each of these singular
lines is determined entirely by the half-integer q+ q ′. When q′ is an integer, the χ+2-line pulls apart into a
pair of χ+1-lines that are interlinked with one another q′ times. Relative to the original line, these two lines
are helices which are left-handed for q ′ < 0 and right-handed for q ′ > 0; they are parallel for q ′ = 0. The
profile winds through q+ q ′ full turns as we move along the line—that is, the director around each of these
lines is locally modelled on nχ1,q+q ′ . In particular, by choosing q+ q ′ = 0 the profile along each singularity is

constant and they have the form of a τ+1-line.
This splitting has an interpretation in terms of the Călugăreanu theorem [60–63]. Recall that for a closed

curve K with any given framing we define the topological self-linking number SL(K) to be the linking
number between K and the curve K′ obtained by displacing K along its framing. We also define the
geometric twist Tw(K) and writhe Wr(K) of the curve. Informally, the twist measures the angular rotation of
the frame as we move along the line, and the writhe measures the ‘coiling’ of the curve in three-dimensions.
Together these three quantities satisfy the relationship

SL(K) = Tw(K)+Wr(K) . (21)

A singular line in a chiral material comes with a natural framing, the ‘contact framing’ [25, 31]. The singular
line K with local neighbourhood described by the idealised director (15) and the contact framing has
self-linking number q, twist Tw(K) = q, and vanishing writhe, which evidently satisfy (21). If the curve
deforms via an isotopy the self linking number is always fixed, but the Călugăreanu theorem shows that we
may exchange twist for writhe. The splitting of a χ+2-line presents an analogous situation: when q ′ =−q,
the τ+1-lines that result from splitting the χ+2-line have a contact framing with zero self-linking number,
Tw(K) = q and Wr(K) =−q, so we see that the splitting can be seen, loosely, as a conversion of self-linking
into writhe.

We can escape along the resulting τ+1-lines and remove them while keeping the director chiral if and
only if the profile is constant—i.e. when q ′ =−q—as this ensures a constant sign of the term Im c1 appearing
in (7). The direction of the escape is controlled by the sign of this term. Consider the value of Im c1 on the
surface z= 0. The two zeros ofm are singularities of the characteristic foliation with local profile equivalent
to 2Ri eiαζ and 2Ri ei(α+π)ζ , respectively, and at each point we have

Im c1
∣∣∣
ζ=R

= 4R sinα, Im c1
∣∣∣
ζ=−R

= 4R sin(α+π) =−4R sinα. (22)

Thus, one line escapes up and the other escapes down. If both escape up, or both down, then the escaped
texture does not have a consistent handedness.
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FIG. 7: Formation of helical structures in cholesterics. (a) Escaping along a �+2 line results in a stable region of reversed
handedness (red). The director is shown on a cross-sectional disk (white arrows) The lines where the director is aligned with
the ez direction are shown as yellow tubes. The director is planar around the boundary of the illustrated disk, and so the
director can be assigned an invariant (2, 0) 2 ⇡2(RP2,RP1). (b) Instead of escaping, a �+2-line in a cholesteric splits into a
pair of intertwined ⌧+1-lines, which then escape into �+1-lines (pale blue isosurface). The winding of the director, shown as
white sticks on a cross-sectional slice, is visualed through the Pontryagin–Thom surface where the z-component vanishes. (c)
The �+2-line arises naturally in a spherical droplet, where its escape results in a double-helix �-line structure. The director is
shown on a cross-section, coloured blue or yellow according to whether the director points into, or out of, the slice.

as we move along the z axis. The two singular lines are at ⇣ = ±R eiq
0z. Near ⇣ = R eiq

0z we have

m = ei↵
�
⇣ �R eiq

0z
�
2R ei(q+q0)z + · · · , (19)

while near ⇣ = �R eiq
0z we have

m = ei↵
�
⇣ +R eiq

0z
�
(�2R) ei(q+q0)z + · · · = ei(↵+⇡)

�
⇣ +R eiq

0z
�
2R ei(q+q0)z + · · · . (20)

Since the ⇣ coordinate system does not depend on z, the rotation of the profile along each of these singular lines is
determined entirely by the half-integer q + q0. When q0 is an integer, the �+2-line pulls apart into a pair of �+1-lines
that are interlinked with one another q0 times. Relative to the original line, these two lines are helices which are
left-handed for q0 < 0 and right-handed for q0 > 0; they are parallel for q0 = 0. The profile winds through q + q0 full
turns as we move along the line—that is, the director around each of these lines is locally modelled on n�

1,q+q0 . In

particular, by choosing q + q0 = 0 the profile along each singularity is constant and they have the form of a ⌧+1-line.
This splitting has an interpretation in terms of the Călugăreanu theorem [66–69]. Recall that for a closed curve K

with any given framing we define the topological self-linking number SL(K) to be the linking number between K and
the give K 0 obtained by displacing K along its framing. We also define the geometric twist Tw(K) and writhe Wr(K)
of the curve. Informally, the twist measures the angular rotation of the frame as we move along the line, and the
writhe measures the ‘coiling’ of the curve in three-dimensions. Together these three quantities satisfy the relationship

SL(K) = Tw(K) +Wr(K). (21)

A singular line in a chiral material comes with a natural framing, the ‘contact framing’ [10, 37]. The singular line
K with local neighbourhood described by the idealised director (15) and the contact framing has self-linking number
q, twist Tw(K) = q, and vanishing writhe, which evidently satisfy (21). If the curve deforms via an isotopy the self
linking number is always fixed, but the Călugăreanu theorem shows that we may exchange twist for writhe. The
splitting of a �+2-line presents an analogous situation: when q0 = �q, the ⌧+1-lines that result from splitting the
�+2-line have a contact framing with zero self-linking number, Tw(K) = q and Wr(K) = �q, so we see that the
splitting can be seen, loosely, as a conversion of self-linking into writhe.

We can escape along the resulting ⌧+1-lines and remove them while keeping the director chiral if and only if the
profile is constant—i.e. when q0 = �q—as this ensures a constant sign of the term Im c1 appearing in (7). The
direction of the escape is controlled by the sign of this term. Consider the value of Im c1 on the surface z = 0. The
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Figure 8. (a) An escaped structure lies at the heart of a heliknoton, where the linking of the λ-lines (pale blue isosurface) results in
a nontrivial Hopf invariant, as described in the text. (b) The structure shown in (a) reconfigures itself via a homotopy so that the
preimages of the director (yellow, blue tubes) form a series of qHopf links, which is the configuration observed in
experiments [11]. (c) The model equation (18) can also be used to describe a single knotted λ-line, for example a trefoil knot, by
choosing a non-integer q′. Although it contains a knotted soliton, this texture has vanishing Hopf invariant, and the director
points along ez at every point along the λ-line. Moreover, this texture cannot be chiral and is numerically unstable in a cholesteric.

A simulation of the resulting structure is shown in figure 7(b). The λ+1-lines that result from the escape
can be extracted from the tensor∆, the anisotropic part of the director gradients [8, 50, 51]. This tensor is
defined by breaking the gradient tensor∇n into the gradients∇nn along the director, and the gradients
∇⊥n along directions orthogonal to the director. The latter then split into three pieces,

∇⊥n=
∇ ·n
2

I+
n ·∇×n

2
J+∆, (23)

where I is the identity (on the contact planes) and J= n× is an anticlockwise rotation by ninety degree about
the director. The points where∆ vanishes define the singularities of the pitch axis, λ-lines [8]. We visualise
the λ-lines by plotting an isosurface |∆|= ε, for ε a small number that is chosen so as to produce a smooth
surface from the numerical data. These surfaces are the pale blue tubes in figure 7(b). The coloured surface is
the Pontryagin–Thom surface [15] where the z component of the director vanishes, coloured according to
the angle between the x and y components. This clearly shows the screw-like structure of the texture. The
director is illustrated on a cross-section, where the local structure of an unfolded+2 singularity is clear. This
director corresponds to the element (1,−1) ∈ π2(RP2,RP1), and it therefore has vanishing Skyrmion
charge while also not being equivalent to a uniform director.

A χ+2-line arising in a spherical geometry is removed by exactly the process we have just described,
resulting in the spherulitic texture shown in figure 7(c). We again visualise the structure through a level set of
∆. We simulate this by initialising the director to be tangent to concentric spheres and have a+2-winding
singular line along the negative z-axis. The helical structure appears spontaneously upon numerical
minimisation of (5). By contrast with the χ+1, the escaped director is nonsingular and chiral throughout the
droplet.

Another important example of a texture resulting from an escaped χ+2-line is the ‘heliknoton’ [10, 11,
57]. We show a simulation in figures 8(a) and (b). We continue to visualise the λ-lines through a level surface
of∆ [8] (pale blue tubes) and also show a pair of preimages, curves where the director is aligned with ez
(yellow) and−ez (blue). We show a cross-sectional convex surface with the dividing curve in black, coloured
according to whether the director points into (blue) or out of (yellow) the surface—this clearly shows the
disruption to the cholesteric layer structure resulting from the heliknoton. We simulate the heliknoton inside
a cube with periodic boundaries, with an initial condition constructed as follows. We take the background to
be the standard cholesteric state, and then remove a ball from the interior of the simulation box and replace
the director inside that ball with the χ+2-line given by equation (15). We make no attempt to match this onto
the background director. Upon numerical minimisation of the energy the discontinuity over the boundary of
the ball is removed and the χ+2-line escapes exactly as described above, resulting in a knotted helix
appearing in both the λ-lines and preimages. In order to match on to the background, these lines continue
around the boundary of the sphere, creating a pair of linked curves. When the core is modelled on nχ+2,q,
these two curves are linked q times—in figures 8(a) and (b) we show q= 2. Continuing to minimise the
energy results in the director contracting to split the linked preimages into a series of q separate Hopf links,
figure 8(b), while the λ-lines remain a linked helix. This process occurs via a chiral homotopy, and as such
does not create any singularities in the director or regions of reversed handedness. At its core each of these
Hopf links still has the same structure of an escaped χ+2-line of type nχ+2,1. This is the heliknoton observed
by Tai and Smalyukh [11]. An escaped nχ+2,1 line also forms the central part of the Hopfions produced by
Ackerman and Smalyukh in an earlier experimental study [64].
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Figure 8. (a) An escaped structure lies at the heart of a heliknoton, where the linking of the λ-lines (pale blue isosurface) results in
a nontrivial Hopf invariant, as described in the text. (b) The structure shown in (a) reconfigures itself via a homotopy so that the
preimages of the director (yellow, blue tubes) form a series of qHopf links, which is the configuration observed in
experiments [11]. (c) The model equation (18) can also be used to describe a single knotted λ-line, for example a trefoil knot, by
choosing a non-integer q′. Although it contains a knotted soliton, this texture has vanishing Hopf invariant, and the director
points along ez at every point along the λ-line. Moreover, this texture cannot be chiral and is numerically unstable in a cholesteric.

A simulation of the resulting structure is shown in figure 7(b). The λ+1-lines that result from the escape
can be extracted from the tensor∆, the anisotropic part of the director gradients [8, 50, 51]. This tensor is
defined by breaking the gradient tensor∇n into the gradients∇nn along the director, and the gradients
∇⊥n along directions orthogonal to the director. The latter then split into three pieces,

∇⊥n=
∇ ·n
2

I+
n ·∇×n

2
J+∆, (23)

where I is the identity (on the contact planes) and J= n× is an anticlockwise rotation by ninety degree about
the director. The points where∆ vanishes define the singularities of the pitch axis, λ-lines [8]. We visualise
the λ-lines by plotting an isosurface |∆|= ε, for ε a small number that is chosen so as to produce a smooth
surface from the numerical data. These surfaces are the pale blue tubes in figure 7(b). The coloured surface is
the Pontryagin–Thom surface [15] where the z component of the director vanishes, coloured according to
the angle between the x and y components. This clearly shows the screw-like structure of the texture. The
director is illustrated on a cross-section, where the local structure of an unfolded+2 singularity is clear. This
director corresponds to the element (1,−1) ∈ π2(RP2,RP1), and it therefore has vanishing Skyrmion
charge while also not being equivalent to a uniform director.

A χ+2-line arising in a spherical geometry is removed by exactly the process we have just described,
resulting in the spherulitic texture shown in figure 7(c). We again visualise the structure through a level set of
∆. We simulate this by initialising the director to be tangent to concentric spheres and have a+2-winding
singular line along the negative z-axis. The helical structure appears spontaneously upon numerical
minimisation of (5). By contrast with the χ+1, the escaped director is nonsingular and chiral throughout the
droplet.

Another important example of a texture resulting from an escaped χ+2-line is the ‘heliknoton’ [10, 11,
57]. We show a simulation in figures 8(a) and (b). We continue to visualise the λ-lines through a level surface
of∆ [8] (pale blue tubes) and also show a pair of preimages, curves where the director is aligned with ez
(yellow) and−ez (blue). We show a cross-sectional convex surface with the dividing curve in black, coloured
according to whether the director points into (blue) or out of (yellow) the surface—this clearly shows the
disruption to the cholesteric layer structure resulting from the heliknoton. We simulate the heliknoton inside
a cube with periodic boundaries, with an initial condition constructed as follows. We take the background to
be the standard cholesteric state, and then remove a ball from the interior of the simulation box and replace
the director inside that ball with the χ+2-line given by equation (15). We make no attempt to match this onto
the background director. Upon numerical minimisation of the energy the discontinuity over the boundary of
the ball is removed and the χ+2-line escapes exactly as described above, resulting in a knotted helix
appearing in both the λ-lines and preimages. In order to match on to the background, these lines continue
around the boundary of the sphere, creating a pair of linked curves. When the core is modelled on nχ+2,q,
these two curves are linked q times—in figures 8(a) and (b) we show q= 2. Continuing to minimise the
energy results in the director contracting to split the linked preimages into a series of q separate Hopf links,
figure 8(b), while the λ-lines remain a linked helix. This process occurs via a chiral homotopy, and as such
does not create any singularities in the director or regions of reversed handedness. At its core each of these
Hopf links still has the same structure of an escaped χ+2-line of type nχ+2,1. This is the heliknoton observed
by Tai and Smalyukh [11]. An escaped nχ+2,1 line also forms the central part of the Hopfions produced by
Ackerman and Smalyukh in an earlier experimental study [64].
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