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I. Meyer’s Escape into the Third Dimension

Robert Meyer (1973) wrote an influential paper on non-singular textures in cylindrical 
capillaries. A capillary of radius  has normal anchoring boundary conditions  

 

If this is continued throughout the capillary it will be singular (with winding number ) 
along the axis. As Meyer described, this can be avoided by allowing the director to tilt 
out of the horizontal plane and point vertically, either up or down, along the axis.This 
has become known as ‘escape into the third dimension’. 

R

n = cos ϕ ex + sin ϕ ey = er, on r = R .
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ABSTRACT 
The stability of cylindrically symmetrical line disclinations is examined by 

continuum theory calculations and topological arguments, to show that 
these singularities can almost always be replaced by a continuous structure of 
lower energy. The calculations are applied to the four basic types of index 

Experimental observations are presented to support the 
proposed continuous structures as seen in cylindrical samples, and in the 
classical structures a 3 l8  and a noyauz. 

2 structures. 

9 1. INTRODUCTION 
IN Friedel’s (1922) classical observations of a n,oyaux structures, in thin 
layers of nematic liquid crystals, two main types of singular points were 
observed. The first kind were sharp points along a single extinction band, 
when viewed between crossed linear polarizers, and the second kind were 
at  the crossing of two extinction bands. Rotation of the polarizers further 
sub-divided these two kinds into positive and negative species, so that four 
distinct singularities were observed. Using the extinction pattern to map 
the orientation angle $ of the nematic axis around each kind of point, one 
arrives at a description of the structure near a point in terms of a polar 
angle 4 as 

$= in4 +$,, , . . . . . . . . ( 1 )  

in which the index n has the values 5 1 for the points on a single extinction 
band, and k 2 for the points at  the crossing of two bands (Frank 1958). 

The classical interpretation of these observations is that each point 
represents a disclination line emerging from the liquid crystal. In  a thin 
layer, this line is imagined to run vertically from one surface to the other, 
producing an essentially two-dimensional structure, with all molecules 
parallel to the sample surfaces, and translational symmetry in the vertical 
direction. 
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The basic contention of this paper is that the n = f. 2 points are actually 
point disclinations at  the sample surfaces, not connected to line singularities, 
and that in almost all cases, f 2 line disclinations are not stable structures, 
and have probably never been observed in nematic liquid crystals. Some 
comments will also be made on the existence of these structures in 
cholesteric liquid crystals. 

First, as a matter of definition, the use of the word disclination here is 
restricted to structures containing a discontinuity in nematic ordering at  
the molecular level. Singularities in some parameter of a mathematical 
description of a physical structure can often occur without physical 
singularities, and these are not taken to represent disclinations. 

0 2. TOPOLOQICAL CONSIDERATIONS 
From a topological point of view, one can convince oneself, by making 

sketches of various cases, that a & 2 disclination line can always be replaced 
by a continuous structure plus a few point disclinations, to satisfy any 
boundary conditions imposed by sample surfaces. Some simple examples 
of these replacements are shown in figs. 1 and 2, and a more complex case in 
fig. 8. A discussion of point disclinations at  surfaces, and an illustration 
of the continuous structure associated with a - 2 point are given elsewhere 
(Meyer 1972). 

Fig. 1 
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( a )  ( 5 )  
Cross section of a cylinder with normal boundary conditions containing (a)  the 

simple + 2 disclination and (6) the continuous structure. 

For 1 disclination lines, the situation is just the opposite. If there is a 
f 1 disclination point on the surface of a liquid crystal, it must be connected 
to a line disclination. A rigorous discussion of the topological difference 
between the index 1 and index 2 disclination lines could probably be based 
on the director description of the liquid crystal, which employs a unit 
vector field, n(r), which is parallel to the nematic axis at every point. The 
vectors n and - n  are physically equivalent. As shown in fig. 3, an 
index 1 disclination point on a two-dimensional surface is actually the 
termination of an arbitrarily chosen branch cut in the director field, along 
which n changes discontinuously to - n. 
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Fig. 9 
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A cylindrical sample rotated counterclockwise (a+e) between crossed linear 
polarizers, with a sketch of the continuous structure consistent with the 
extinction pattern. 



I. Meyer’s Escape into the Third Dimension

This has become known as ‘escape into the third dimension’.  

It can be described by a director field , where  takes the value  
at all points of the boundary ( ) and either the value 0 (‘escape up’) or the value  
(‘escape down’) at .  

n = cos θ ez + sin θ er θ π/2
r = R π

r = 0

escape up escape down



It is interesting to determine the form of the tilt angle  in the escape textures explicitly.  

Exercise: Determine the tilt angle  that minimises the one-elastic-constant free energy  

 

assuming that it depends only on the radial distance  from the capillary axis.  

Hint: Use the ‘BPS’ method from the end of this lecture.  

Compare with the energy of the unescaped singular line. Find the solution also for the case 
of tangential boundary conditions,  on . 

θ

θ(r)

F = ∫
K
2

|∇n |2 dV =
K
2 ∫ (∂rθ)2 +

sin2 θ
r2

dV .

r

n = eϕ r = R

I. Meyer’s Escape into the Third Dimension



Escape up and escape down are inequivalent — they are not homotopic.  

A way to see this is to realise both textures in the same capillary and look at the 
interface between them. The interface is marked by a singularity in the director field at a 
single point, illustrating that there is no continuous interpolation.  

These singularities are examples of three-dimensional point defects.

I. Meyer’s Escape into the Third Dimension

590

FIG. 1. - a) Modèle de Frank (1) pour une disinclinaison S = + 1. b) Remaniement continu d’une S = + 1 ; c) Modèle planaire d’une
S = - 1 ; d) Remaniement continu d’une S = - 1 ; e) Arrangement des lignes de force des directeurs d’un nématique dans un tube capil-
laire avec des conditions homéotropes au niveau de la paroi ; deux types de points singuliers + 1 et - 1 peuvent être observés ; f ) Pré-
sence d’une paire de fils épais dans le plan méridien ; l’arrangement des directeurs est schématisé en deux régions : entre l’axe et le niveau ro,
il y a torsion pure ; de ro à la paroi, il y a flexion ; g) Arrangement voisin de f ; h) Arrangement voisin de g ; il n’y a plus de directeurs ver-
ticaux dans ce plan méridien; i, j, k : coupes transversales correspondant aux modèles f, g, h ; les cercles évidés représentent les sections
des fils épais ; 1) Structure méridienne d’un point singulier où aboutissent deux fils épais ; m) Situation topologiquement équivalente à 1 ;

n) Interprétation de la figure 2d ; la zone de torsion au contact du ménisque a été très agrandie.

escape down

escape up

interface — defect

interface — defect

escape up



Local models for the defects at interfaces between escape up and escape down are given by  

 

These three-dimensional point defects have properties analogous to their two-dimensional 
counterparts.  

They have an integer topological invariant analogous to the winding number. This 
integer, called the degree, counts the number of times the director around the defect 
covers all possible orientations on the unit sphere.  

It can be computed using the Pontrjagin-Thom construction, or by an integral. 

n =
x ex + y ey + z ez

x2 + y2 + z2
, and n =

x ex + y ey − z ez

x2 + y2 + z2
.

II. The Degree of Point Defects
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The set of all orientations in three-dimensional space forms the unit sphere, . Fix a 
particular orientation, say  in spherical polar coordinates.  

The inverse image  is the set of all points in the material where the director has 
that orientation. This is ‘nice’ for almost every choice of , called a regular value. 

By continuity, nearby orientations have nearby inverse images; how they are arranged gives 
a framing of . This can be used to orient the inverse image. Following nearby 
orientations on the sphere that circulate around  positively, their inverse images will 
similarly circulate around  and this provides an orientation by the right-hand rule. 

S2

(θ, ϕ)

n−1(θ, ϕ)
(θ, ϕ)

n−1(θ, ϕ)
(θ, ϕ)

n−1(θ, ϕ)

II. The Degree of Point Defects

n−1(ez)

n−1(ez)

n−1(ex)n−1(ex)



If  is an oriented closed surface the inverse image  will intersect it in a set of 
isolated points. Each intersection acquires a sign according to whether the orientation of 
the inverse image aligns with, or against, that of the surface.  

This signed count is the degree of the map , or the charge  of the point 
defect  

 

It can be any integer. It is a part of the Pontrjagin-Thom theorem that it identifies the 
homotopy class of the texture. 

Σ n−1(θ, ϕ)

n : Σ → S2 Q

degn(Σ) = Int(Σ, n−1(θ, ϕ)) = Q .

II. The Degree of Point Defects

n−1(ez)

n−1(ex)



Exercise: Use the Pontrjagin-Thom construction to determine the degrees of the two 
model point defects  

n =
x ex + y ey + z ez

x2 + y2 + z2
, and n =

x ex + y ey − z ez

x2 + y2 + z2
.

II. The Degree of Point Defects
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We now describe how the degree can be computed from a suitable integral, using the 
differential properties of the texture.  

Write the director as  

 

with  spherical polar coordinates for the point on  corresponding to the 
orientation .  are also functions of position in the texture. 

n = sin θ [cos ϕ ex + sin ϕ ey] + cos θ ez,

(θ, ϕ) S2

n θ = θ(x), ϕ = ϕ(x)

II. The Degree of Point Defects



Write the director as . 

We consider the differential form  

 

Take an antisymmetric product on both parts — a wedge product on the differential 
forms and a cross product on the vectors†  

 

We therefore find  

n = sin θ [cos ϕ ex + sin ϕ ey] + cos θ ez

dn = dθ ⊗ [cos θ (cos ϕ ex + sin ϕ ey) − sin θ ez] + sin θ dϕ ⊗ [−sin ϕ ex + cos ϕ ey] .

dn × dn = dθ ∧ sin θ dϕ ⊗ n + sin θ dϕ ∧ dθ ⊗ (−n) .

n ⋅ dn × dn = 2 sin θ dθ ∧ dϕ .

†I do not know of an official notation for this but have chosen to write it just using the cross product; the context should make clear what is meant.

II. The Degree of Point Defects



 

For any small patch of a surface , the variation of the director on that patch sweeps out 
some area of orientations on the unit sphere and the differential form  
measures twice that area.  

It follows that the integral over any closed surface will be equal to twice the total area 
covered on . Hence, we have  

n ⋅ dn × dn = 2 sin θ dθ ∧ dϕ .

Σ
n ⋅ dn × dn

S2

∫Σ
n ⋅ dn × dn = 2∫Σ

sin θ dθ ∧ dϕ = 2 × 4π degn(Σ) = 8πQ .

II. The Degree of Point Defects
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Exercise: Use the integral formula to determine the degrees of the two model point 
defects  

n =
x ex + y ey + z ez

x2 + y2 + z2
, and n =

x ex + y ey − z ez

x2 + y2 + z2
.

II. The Degree of Point Defects
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When  does not enclose any defects the integral is zero. For two-dimensional defects 
we showed the analogous result using Green’s theorem in the plane. Here, the 
corresponding calculation would use the divergence theorem.  

Working in the framework of the exterior calculus becomes increasingly common. In that 
framework it amounts to showing that  is a closed form†. Calculating 
explicitly, using  and disentangling the differential form and vector parts,   

 

As  is a unit vector, the derivatives  all lie in the plane perpendicular to  and the 
triple scalar product vanishes because it involves three coplanar vectors.  

Hence,  is a closed form and represents a cohomology class in . 

degn(Σ) =
1

8π ∫Σ
n ⋅ dn × dn .

Σ

n ⋅ dn × dn
d2 = 0

d(n ⋅ dn × dn) = dn ⋅ dn × dn = 6(∂xn ⋅ ∂yn × ∂zn) dx ∧ dy ∧ dz .

n ∂an n

n ⋅ dn × dn H2(ℝ3∖𝒟)

†This is done using a structural result, namely that  commutes with pull back; here, I give a calculation that does not need this.d

II. The Degree of Point Defects



Often described as ‘magnetic whorls’, skyrmions are textures with three-dimensional 
orientation on a two-dimensional (flat) plane†. 

III. Skyrmions

†If there are three spatial dimensions the texture only varies in two of them.

magnetic skyrmions

Milde et al. Science 340, 1076 (2013)
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skyrmion number topological invariant) next to each
otherwithin a stretched elementary skyrmion, thus form-
ing the skyrmion bags (Figure 13) [123]. Moreover, mul-
tiple nested structures can be formed, with, say, anti-
skyrmion bags within skyrmion bags and skyrmions
within them, and so on [123]. This yields nonsingu-
lar skyrmionic structures with arbitrary degrees and of
both positive and negative signs because this design
allows for wrapping and unwrapping S2 by mapping
λ(r) from the sample’s 2D plane by controlled num-
bers of times in a non-alternating fashion [123]. The
total degree of a skyrmion bag with NA antiskyrmions
is NA − 1. More complex structures with antiskyrmion
bags inside skyrmion bags have a net degree NA−NS,
where NS is the total number of skyrmions; counting
NS and NA also includes the nested skyrmion and anti-
skyrmion bags. While we noted above that Nsk of CLC
skyrmions can be de!ned up to the sign due to LC’s non-
polar nature, it is important to keep track of the relative
signs of skyrmions within composite skyrmionic struc-
tures, like the skyrmion bags. A way to do this involves
vectorization of the director !eld, an approach also used
to characterize 3D textures in nematic LCs with multiple
hedgehog point defects, where hedgehog charges of these
defects within 3D textures could be analyzed by smoothly
vectorizing the director !eld [88].

The stability of skyrmions and skyrmion bags in CLCs
require careful selection of experimental conditions and
materials [73,123], where important roles are played by
soft but well-de!ned perpendicular boundary condi-
tions on con!ning surfaces, elastic anisotropy, con!ne-
ment, applied !elds, etc. The similarities of Hamiltonians
and soliton topologies between CLCs and chiral mag-
nets allows for using CLCs as model systems to provide
insights into solitonic structures that can be also realized
in chiral magnets [48,74,123,124].

While the recent interest in the 2D skyrmion struc-
tures of CLCs was re-ignited by the very active area of
research in chiral magnets and other branches of con-
densed matter and particle physics [49,77], such non-
singular structures have a long history of studies by
the LC community. Furthermore, CLCs o"er unique
experimental accessibility of such structures, their facile
control by external !elds and a richer range of possi-
bilities enabled by allowed half-integer defect lines that
can co-exist with full and fractional skyrmions or com-
pete for energetic stability under di"erent conditions
[129,130].While surface anchoring boundary conditions
were shown to be the key enabling realization of frac-
tional, full andmulti-integer skyrmions as translationally
invariant topological structures [73,75,124], what we will
discuss next are CLC torons that arise as stable con!gu-
rations under di"erent boundary conditions.

7. Torons and twistions with fractional or full
skyrmions within them

In addition to skyrmions and skyrmionbags [73,123,128],
con!ned CLCs can also host structures called ‘torons’
with both skyrmion-like and Hopf !brations features
when a chiral LC is con!ned by substrates treated
for perpendicular alignment boundary conditions of
the director [75,138,159]. When the separation gap d
of the con!ning planes is approximately equal to the
CLC’s pitch p, the tendency to twist is incompatible
with the strong perpendicular boundary conditions that
induce the background of unwound far-!eld director λ0
[33,73,75,159]. The solitonic con!gurations that emerge
incorporate energetically-favorable localized twist while
meeting boundary conditions [159,160]. The nonpolar
and vectorized con!gurations of the simplest toron is
shown in Figure 14 [73]. In the cell midplane between

Figure 13. 2D skyrmions and skyrmion bags. (a) Polarizing optical micrographs of skyrmion bags with antiskyrmions inside, two stable
conformations of the bag with 13 antiskyrmions inside (images 5 and 6 from the left), and the bag with 59 antiskyrmions within it (right-
side image). (b,c) Computer-simulated counterparts of the skyrmion bags in (a). Crossed polarizers for (a,b) are marked by white double
arrows in (a). (d) Close-up view of a computer-simulated bag with three antiskyrmions shown by colored, vectorized alignment field.
Reproduced with permission from Ref. [123].

The LdG simulations of BPIII confined to thin layers
(130–300 nm) with parallel surface anchoring of LC
molecules are shown in Figs. 9 and 10. When confined
below the crossover numerical LC thickness of approx-
imately 170 nm, quarter-skyrmion filaments of the
bulk BPIII [Fig. 8(a)] disentangle into a 2D, disordered,
half-skyrmion liquid [Fig. 9(c)]. The numerical crossover
thickness of approximately 170 nm is in remarkable
agreement with the experimental value of approximately
150 nm, which gives confidence to our calculations of
skyrmion structures in thin layers of BPIII. It is important to
note that, because of the confinement and parallel surface
anchoring, quarter-skyrmions in the bulk liquid BPIII
transform to half-skyrmions with an approximately 90°
radial twist. These baby half-skyrmions [Fig. 9(c)] fill the
space between the −1=2 disclination lines: Usually, a single
half-skyrmion is formed in the region surrounded by five to
seven vertical −1=2 disclinations that connect both con-
fining surfaces.
At a slightly larger thickness, elongated skyrmion

filaments start to grow preferably at an oblique
angle to the confining surfaces, as shown in Fig. 9(a).
Simultaneously, the individual −1=2 defect lines start
connecting with each other laterally [Fig. 9(a)], forming a
network of disclinations with junctions of four −1=2 lines

fused together [53]. This intertwined network of skyrmion
filaments and −1=2 disclination lines at large thickness
evolves into a network of fully disordered, 3D structure of
skyrmion filaments and defects of the bulk, as shown in
Fig. 8(a). It is interesting to note that the skyrmion
structures close to the surfaces of the cell all remain very
similar for all cell thickness, which is due to the domi-
nating surface alignment field. Consequently, this produ-
ces similar optical images in thin and thick layers, when
focused near the surface, where reflection images are
shown to originate from.
To compare the optical appearance of simulated sky-

rmion structures and real photographs, we make full optical
simulations of various skyrmion structures, which are
shown in Figs. 9(b) and 9(d). The simulations for different
handedness of illuminating light show that right-handed
(RH) skyrmion structures provide a better optical contrast
with the RHC-polarized illumination, which is in full
agreement with the experiments. The overall agreement
between the recorded and simulated images is excellent.
The director field in an approximately 130-nm-thin layer

of BPIII is presented in Figs. 10(a) and 10(d) and shows the
−1=2 defect lines (colored yellow) standing up vertical
from the bottom glass surface (colored light blue) and
connecting to the upper glass surface.

FIG. 9. Numerical and optical simulations of thin layers of BPIII. (a) Skyrmion filaments (light blue) and −1=2 defect lines (yellow) in
300-nm-thick LC with strong surface anchoring. The intertwined lattices of skyrmion filaments and defects start filling the space,
forming the BPIII. (b) Optical simulation of light reflected from the structure in (a) and comparison with the experimental image of BPIII
at an experimental cell of approximately 300 nm thickness. (c) Simulated baby half-skyrmions in 135-nm-thin layer of BPIII are
vortexlike formations of the director, filling the space between −1=2 disclination lines connecting the upper and lower surfaces.
(d) Optical simulation of numerically calculated half-skyrmions below the crossover thickness (135 nm) and comparison with
experiments. The color scale of the director in (a) and (c) is from zero (white) to one (black) and denotes the out-of-plane director
component. Scale bars indicate 100 nm on (a) and (c) and 50 nm in (b) and (d).

J. PIŠLJAR et al. PHYS. REV. X 12, 011003 (2022)

011003-10

Pišljar et al., Phys. Rev. X 6, 118 (2022)

Yu et al. Nature 465, 901 (2010)

Foster et al., Nat. Phys. 15, 655 (2019)
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A basic example is provided by the director field  

 

on the planar disc . This is a one-parameter family of skyrmion textures, 
depending on the parameter . When  the texture has a radial appearance and is 
called a Néel skyrmion; when  it is vortical and called a Bloch skyrmion. 

n = cos
πr
R

ez + sin
πr
R [cos(ϕ − α) ex + sin(ϕ − α) ey],

r ≤ R
α α = 0

α = π/2

III. Skyrmions

Néel skyrmion 
(α = 0)

Bloch skyrmion 
(α = π/2)



 

The director covers all orientations on the unit sphere once and has degree 1. This can 
be analysed by the Pontrjagin-Thom construction, say by looking at the inverse image of 
the orientation , which is the point ,  of the disc.  

Is the intersection number of this inverse image with the disc positive or negative?   

We interpret it as the number of skyrmions on the disc; it is well-defined as long as we 
maintain the boundary condition  at the edge of the disc. 

n = cos
πr
R

ez + sin
πr
R [cos(ϕ − α) ex + sin(ϕ − α) ey] .

(π/2,0) r = R /2 ϕ = α

n = − ez

III. Skyrmions



 

To illustrate methodology, we compute the degree also using the integral formula.  

Variation of the direction gives  

 

We find  

 

Integrating over the entire disc we obtain  

 

The skyrmion number is 1; there is a single skyrmion on the disc. 

n = cos
πr
R

ez + sin
πr
R [cos(ϕ − α) ex + sin(ϕ − α) ey],

dn =
π
R

dr ⊗ [cos
πr
R (cos(ϕ − α) ex + sin(ϕ − α) ey) − sin

πr
R

ez] + sin
πr
R

dϕ ⊗ [cos(ϕ − α) ey − sin(ϕ − α) ex] .

n ⋅ dn × dn =
2π
R

sin
πr
R

dr ∧ dϕ =
2π2

R2

sin πr/R
πr/R

dA .

∫D
n ⋅ dn × dn = ∫

2π

ϕ=0 ∫
R

r=0

2π
R

sin
πr
R

dr dϕ = 4π[−cos
πr
R ]R

r=0 = 8π .

III. Skyrmions



 

The function   

 

acts as a skyrmion density; integrating over the disc returns the number of skyrmions. 
The location of the maximum of this function — at the centre of the disc — serves as a 
proxy for the position of the skyrmion.

n ⋅ dn × dn =
2π
R

sin
πr
R

dr ∧ dϕ =
2π2

R2

sin πr/R
πr/R

dA .

π
4R2

sin πr/R
πr/R

,

III. Skyrmions



Recall that Thus we can say  

spherical area ‘curvature’  area on the disc 

This is intended to echo the Gaussian curvature of surfaces. The skyrmion density is a 
type of curvature — it is the curvature of the vector bundle of planes perpendicular to 
the director field. 

n ⋅ dn × dn = 2 sin θ dθ ∧ dϕ .

= sin θ dθ ∧ dϕ =
π2

R2

sin πr/R
πr/R

dA = ×

III. Skyrmions



From the differential  we see that the vectors  

 

form an orthonormal basis for the planes perpendicular to . They are defined at all 
points except the centre of the disc, where they have a defect with winding number .  

The connection is  

 

and the curvature is  

dn

e1 = cos
πr
R [cos(ϕ − α) ex + sin(ϕ − α) ey] − sin

πr
R

ez, e2 = cos(ϕ − α) ey − sin(ϕ − α) ex,

n
+1

e2 ⋅ de1 = cos
πr
R

dϕ,

Ω = d(e2 ⋅ de1) = −
π
R

sin
πr
R

dr ∧ dϕ = −
1
2

n ⋅ dn × dn .

III. Skyrmions



The Gauss-Bonnet-Chern theorem reads   

 

  ✓ 

It can be considered undesirable to have boundary conditions that are not constant, so 
that a different choice of connection should be made to remove the winding and vanish 
everywhere on the disc boundary.  

Exercise: Find a choice that does this and reexamine the Gauss-Bonnet-Chern theorem 
for your choice. 

∫∂D
e2 ⋅ de1 − ∫D

Ω = 2π∑
i

wpi
,

⇒ ∫
2π

0
(−1) dϕ − (−4π) = 2π(+1) .

III. Skyrmions



States with a general number of skyrmions can be constructed using the tools we have 
developed — a planar texture with defects; and escape into the third dimension.  

We consider the director field  

 

 has defects at isolated points  with winding numbers , and vanishes (say) at large 
distances. We split the defects into two sets,  and , thinking of the former as the 
locations of skyrmions and the latter as whatever is needed to maintain the boundary 
conditions.  

 takes the value 0 at all defects in  (escape up) and the value  at all defects in  
(escape down), and also at large distances; in between it interpolates smoothly. 

n = cos θ ez + sin θ [cos η ex + sin η ey] .

η pi wpi

𝒟+ 𝒟−

θ 𝒟+ π 𝒟−
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 has defects at isolated points  with winding numbers . 

 takes the value 0 at all defects in  (escape up) and the value  at all defects in  
(escape down), and also at large distances. 

n = cos θ ez + sin θ [cos η ex + sin η ey] .

η pi wpi

θ 𝒟+ π 𝒟−

IV. Multi-skyrmion Textures and Energy Bound



We compute the skyrmion number using the integral formula:  

 

The constant boundary conditions on  imply the sum of all the winding numbers is zero. 
Hence  

  

where  is the total number of skyrmions. 

∫ n ⋅ dn × dn = 2∫ sin θ dθ ∧ dη = 2∫ d(−cos θ dη) = 4π( ∑
p∈𝒟+

wp − ∑
p∈𝒟−

wp) .

η

∫ n ⋅ dn × dn = 8π ∑
p∈𝒟+

wp = 8πQ,

Q
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Belavin & Polyakov [JETP Lett. 22, 245 (1975)] made the interesting observation that 
the one-elastic-constant free energy  

 

is bounded from below by the skyrmion number.  

First, consider the skyrmion density and note  

 

Let  denote the complex structure in the -plane (i.e. the generator of rotations about 
the -axis) and write this as  

F = ∫
K
2

|∇n |2 dA =
K
2 ∫ |∇θ |2 + sin2 θ |∇η |2 dA,

∫ n ⋅ dn × dn = 2∫ sin θ dθ ∧ dη = 2∫ sin θ (∂xθ ∂yη − ∂yθ ∂xη) dx ∧ dy .

J xy
z

∫ n ⋅ dn × dn = − 2∫ sin θ ∇θ ⋅ J ∇η dA .
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Next, we use  and write   

 

 

This is an example of a BPS bound (after Bogomol’nyi and Prasad & Sommerfeld); the 
bound is attained for states that satisfy the BPS equation  

|∇η | = |J ∇η |

F =
K
2 ∫ |∇θ |2 + sin2 θ |∇η |2 dA =

K
2 ∫ |∇θ + sin θ J ∇η |2 − 2 sin θ ∇θ ⋅ J ∇η dA,

=
K
2 ∫ |∇θ + sin θ J ∇η |2 dA + 4πK Q ≥ 4πK Q .

∇θ + sin θ J ∇η = 0.
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Belavin & Polyakov (1975) showed that this is equivalent to the Cauchy-Riemann 
equations for the complex function  

 

which coincides with stereographic projection of the director from the south pole. 

Exercise: Verify these statements.  

Thus, for a given number of skyrmions , the energy is minimised when  is a 
meromorphic function of .   

∇θ + sin θ J ∇η = 0.

ψ = tan
θ
2

eiη =
sin θ eiη

1 + cos θ
,

Q ψ
x + iy
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