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Google’s AI overview: (emphasis is its own) 

Texture refers to the tactile quality of a 
surface—how it feels when touched—or the 
visual representation of that quality. It 
describes characteristics such as rough, 
smooth, soft, or hard, and is a key element 
in art, design, and food to add realism, 
functionality, or sensory experience.

I. Textures and their Defects



“They are totally useless, I think, except for one 
important intellectual use, that of providing tangible 
examples of topological oddities and so helping to 
bring topology into the public domain of science, 
from being the private preserve of a few abstract 

mathematicians and particle physicists”

Charles Frank

On Topological Textures …



I will describe textures of orientational order, e.g. magnetic fields, nematic liquid 
crystals, etc. At each point of the material there is an orientation, or direction in space.  

The texture is what this ‘looks like’ or ‘feels like’. It will be given by a unit magnitude 
vector field, , called the director. It has defects at a set of isolated points . Away 
from these it is smooth†. 

In the nematic case the orientation is apolar, . We will call this nematic 
symmetry. It has many interesting properties but for the most part we will assume a 
proper vector and treat nematic symmetry only in a few passing remarks. 

n 𝒟

n ∼ − n

†I will not address any questions of regularity and so just use ‘smooth’ here. The defects are points where there is a loss of continuity. 

I. Textures and their Defects



K

K’

Band Hamiltonian 

, 

corresponds to an energy gap  and orientation  at 
each point of the Brioullin Zone.  

Band structure of graphene described by hopping 
element .

H = Eg n ⋅ σ = Eg [
nz nx − iny

nx + iny −nz ]
Eg n

t(k) = 1 + ei( 3kx+ky)/2 + eiky = Eg(nx + iny)

Complex scalar field  (wavefunction, optics) 

. 

Phase  defines an orientation and can be encoded in a 
unit vector . 

E.g. a sum of plane waves with random wavevectors.  

ψ : ℝ2 → ℂ

ψ(x, y) = ψ0(x, y) eiθ(x,y)

θ
nx + iny = eiθ

Other physical systems can also be described as textures of orientational order.

I. Textures and their Defects



Textures have defects at a set of isolated points . These are points where there is a 
loss of continuity. 

For a complex scalar, a minimal model is given by zeros of order  (in  or ) 

 

The same local models also describe defects in liquid crystals. 

𝒟

k x + iy x − iy

ψ ∼ (x + iy)k, ⇒ θ ∼ k Im ln(x + iy) = k arctan
y
x

.

I. Textures and their Defects

I. LIQUID CRYSTALS 
ON THE THEORY OF LIQUID CRYSTALS 

BY F. C. FRANK 
H. H. Wills Physics Laboratory, University of Bristol 

Received 19th February, 1958 

A general theory of curvature-elasticity in the molecularly uniaxial liquid crystals, 
similar to that of Oseen, is established on a revised basis. The= are certain significant 
differences : in particular one of his coefficients is shown to be zero in the classical liquid 
crystals. Another, which he did not recognize, does not interfere with the determination 
of the three principal coefficients. The way is therefore open for exact experimental 
determination of these coefficients, giving unusually direct information regarding the 
mutual orienting effect of molecules. 

1 .  INTRODUCTION 
One of the principal purposes of this paper is to urge the revival of experi- 

mental interest in its subject. After the Society’s successful Discussion on liquid 
crystals in 1933, too many people, perhaps, drew the conclusion that the major 
puzzles were eliminated, and too few the equally valid conclusion that quanti- 
tative experimental work on liquid crystals offers powerfully direct information 
about molecular interactions in condensed phases. 

The first paper in the 1933 Discussion was one by Oseen,l offering a general 
structural theory of the classical liquid crystals, i.e. the three types, smectic, nematic 
and cholesteric, recognized by Friedel2 (1922). In the present paper Oseen’s 
theory (with slight modification) is refounded on a securer basis. As with Oseen, 
this is a theory of the molecularly uniaxial liquid crystals, that is to say, those in 
which the long-range order governs the orientation of only one molecular axis. 
This certainly embraces the classical types, though in the smectic class one trans- 
lational degree of freedom is also crystalline. Other types of liquid crystal may 
exist, but are at least relatively rare : presumably because ordering of one kind 
promotes ordering of another-it is already exceptional for one orientational degree 
of freedom to crystallize without simultaneous crystallization of the translational 
degrees of freedom. Fluidity (in the sense that no shear stress can persist in the 
absence of flow) is in principle compatible with biaxial orientational order, with 
or without translational order in one dimension. It is very unlikely that trans- 
lational order in two dimensions, and not in the third, can occur as an equilibrium 
situation. The existence of a three-dimensional lattice is not compatible with 
true fluidity. A dilute solution with lattice order, which appeared to be fluid, 
would not be considered a liquid crystal from the present viewpoint, but rather 
a solid with a very low plastic yield stress. 

The Oseen theory embraces smectic mesophases, but is not really required 
for this case. The interpretation of the equilibrium structures assumed by smectic 
substances under a particular system of external influences may be carried out 
by essentially geometric arguments alone. The structures are conditioned by the 
existence of layers of uniform thickness, which may be freely curved, but in ways 
which do not require a breach of the layering in regions of greater extension than 
lines. These conditions automatically require the layers to be Dupin cyclides 
and the singular lines to be focal conics. Nothing, essentially, has been added 
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At the time Friedel and Oseen wrote their papers, the values of the disinclina- 
tion strength n which had been observed were - 2, - 1, 1, 2. Since then the 
case n = 4 has been observed by Robinson 5 in the radial singularity of a choles- 
teric " spherulite". The non-occurrence of high values of I n I is explained by 
the fact that the energy is proportional to n2. The fact that higher values than 
one occur indicates a relatively high energy in the disorderly core of the disinclin- 
ation line, which must be as large as its field energy so that it becomes profitable 
for a pair of disinclinations to share the same core. 

n = - 2  

4- -1, 
n- - I  

Q- -'iY 
n- I 

9- t v  

FIG. 2. 

5.  k24 

Let us leave aside the question of how to determine k24, necessarily involving 
the observation of three-dimensional curvatures, until we have better information 
about the moduli of plane curvature, kll, k22 and k33. 

6. RELATIONSHIP TO THE ORDINARY ELASTIC CONSTANTS 

Let us take note that the molecular interactions giving rise to liquid crystal 
properties must also be present in solids. This indicates that conventional elastic 
theory is incomplete : the direct curvature-strain moduli should also be included. 
This is true, but does not seriously invalidate the accepted theory of elasticity. 
Consider the bending of a beam, of thickness 2a, to a radius R. Then the stored 
free energy according to ordinary elasticity theory is gE = Eu2/24R2, where E 
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The texture is given by a unit magnitude vector field, , called the director. 

The director is a unit vector, , so . 

Hence  points in the direction  perpendicular to .  

We may write  but will more typically use the differential form . 
It is called the connection.  

Integrals of the connection around loops in the texture measure winding numbers.

n

n ⋅ n = 1 d(n ⋅ n) = 2 n ⋅ dn = 0

dn n⊥ n

dn = ω ⊗ n⊥ n⊥ ⋅ dn

II. Connections and Winding Numbers

n
n⊥



Relative to the Cartesian basis we can write , where 
 is the angle the director makes with the -axis. 

The connection is the differential form   

 

and measures the rate the director rotates relative to the Cartesian basis. 

Its integral around any closed curve  is the total rotation of the director; 
continuity implies this total rotation must be an integer multiple of   

 

We call  the winding number of the curve .

n = cos θ ex + sin θ ey
θ = θ(x, y) x

n⊥ ⋅ dn = dθ =
∂θ
∂x

dx +
∂θ
∂y

dy,

C
2π

∫C
n⊥ ⋅ dn = ∫C

dθ = 2π w(C) .

w(C) C

II. Connections and Winding Numbers

θ x

y
n



Its integral around any closed curve  is the total rotation of the director; 
continuity implies this total rotation must be an integer multiple of   

 

We call  the winding number of the curve . 

In liquid crystals the nematic symmetry  allows for the total 
rotation to be a half-integer multiple of  and in this case the winding 
number is any half-integer. 

C
2π

∫C
n⊥ ⋅ dn = ∫C

dθ = 2π w(C) .

w(C) C

n ∼ − n
2π
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Suppose  encloses a region  with no defects. Then the winding number is zero.  

A way of showing this is to use Green’s theorem in the plane  

 

In our case  and the integrand on the RHS vanishes. 

Winding numbers are only non-zero when there are defects. 

C R

∫∂R
P dx + Q dy = ∫R (∂Q

∂x
−

∂P
∂y ) dx dy .

P = ∂θ/∂x, Q = ∂θ/∂y

II. Connections and Winding Numbers

 C



Consider the local models for a single point defect at the origin  

  

Away from the origin the connection is   

 

and integrating around a circle of radius  ( ), 
the winding number is  

 

This is independent of the radius and suggests the winding number can be 
viewed as a property of the defect.

θ = k arctan
y
x

+ θ0 .

n⊥ ⋅ dn = dθ = k
−y dx + x dy

x2 + y2
,

r x = r cos ϕ , y = r sin ϕ , ϕ ∈ [0,2π)

w(C) =
1

2π ∫C
k

−y dx + x dy
x2 + y2

=
k

2π ∫
2π

0
dϕ = k .

II. Connections and Winding Numbers
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k = − 2 k = − 1 k = 1 k = 2



 

This is independent of the radius and suggests the winding number can be 
viewed as a property of the defect.  

Exercise: For a curve  enclosing isolated defects at points  with winding 
numbers   

w(C) =
1

2π ∫C
k

−y dx + x dy
x2 + y2

=
k

2π ∫
2π

0
dϕ = k .

C pi
wpi

w(C) = ∑
i

wpi
.

II. Connections and Winding Numbers



Winding numbers are preserved under continuous evolution of the texture. 

  

Let  be the texture at time  and  the initial texture. Since  form a 
basis we can write (away from any defects) 

 

where  is a continuous function (of position and time) that vanishes identically 
at .  

The connection is , and the winding number is  

 

Since  is a function  vanishes by the fundamental theorem of calculus. 

nt t n0 n0, n0⊥

nt = cos α n0 + sin α n0⊥,

α
t = 0

nt⊥ ⋅ dnt = n0⊥ ⋅ dn0 + dα

wt(C) =
1

2π ∫C
nt⊥ ⋅ dnt = w0(C) +

1
2π ∫C

dα .

α ∫C
dα

II. Connections and Winding Numbers

 n0  nt



Winding numbers are preserved integer (or half-integer) labels for defects in 
planar textures.  

For planar textures the connection  represents a cohomology class in 
 that captures the topology of the texture. 

n⊥ ⋅ dn
H1(ℝ2∖𝒟)

II. Connections and Winding Numbers



The texture is an assignment of an orientation to each point of the material away 
from the defects  

  

 

Fix a point of , i.e. an orientation . The inverse image  is the set of 
points in the texture where the director  has that orientation.  

For almost any choice of  the inverse image is ‘nice’ — a submanifold with end 
points only on the defects; this is called a regular value. 

n : ℝ2∖𝒟 → S1 .

x ↦ θ

S1 θ n−1(θ)
n

θ

III. Schlieren Textures and Pontrjagin-Thom Construction

θ

S1



The inverse image  is the set of points in the texture where the director 
 has that orientation.  

By continuity, nearby orientations have nearby inverse images. The inverse image 
is cooriented by the direction it moves in if  is increased by a small amount. 

n−1(θ)
n

θ

III. Schlieren Textures and Pontrjagin-Thom Construction

θ

S1



A closed curve  will intersect the inverse image  in a discrete set of 
points. Each intersection can be assigned a sign ( ) according to whether the 
orientation of  and the inverse image are the same, or opposite.  

The intersection number  is the sum of all these signs.  

Part of the Pontrjagin-Thom theorem is that it equals the winding number  

 

The information contained in the inverse image is enough to reconstruct the 
texture up to homotopy. 

C n−1(θ)
±

C

Int(C, n−1(θ))

w(C) = Int(C, n−1(θ)) .

III. Schlieren Textures and Pontrjagin-Thom Construction

 C

θ

S1



Exercise: Determine the winding numbers of the  and  points using the 
Pontrjagin-Thom construction. 

K K′￼

III. Schlieren Textures and Pontrjagin-Thom Construction

θ

S1

K

K′￼



For nematic symmetry  and a single nematic orientation (line element) 
corresponds to the pair of antipodal points  and  on †. This leads to a 
factor of  in the relation between the intersection number and winding number  

 

But otherwise, everything remains the same. 

n ∼ − n
θ θ + π S1

1
2

w(C) =
1
2

Int(C, n−1(θ)) .

†The space of line elements is the projective line , which is the equivalence classes of antipodal points on . ℝℙ1 S1

III. Schlieren Textures and Pontrjagin-Thom Construction

 C

polariser, P ℝℙ1

analyser, A



We provide a minimal introduction to the exterior calculus, presenting key 
ideas using Green’s theorem in the plane  

 

If the differential form , for some function  we say it is 
exact. We write  

 

and think of the LHS as the exterior derivative  acting on . For any exact 
form the integrand on the RHS of Green’s theorem vanishes identically.

∫∂R
P dx + Q dy = ∫R (∂Q

∂x
−

∂P
∂y ) dx dy .

P dx + Q dy = df f

df =
∂f
∂x

dx +
∂f
∂y

dy,

d f

IV. On the Exterior Calculus



 

The idea is to view the RHS of Green’s theorem as the action of the same 
operator, which we will write  

 

When the differential form is exact this should vanish identically  

 

This is the key structural property. 

∫∂R
P dx + Q dy = ∫R (∂Q

∂x
−

∂P
∂y ) dx dy .

d(P dx + Q dy) .

d(df) = 0, ⇒ d2 = 0.

IV. On the Exterior Calculus



 

In general, we use the product rule (and ) to get  

 

where we have introduced a symbol  (pronounced ‘wedge’) to represent 
the operation. Green’s theorem is recovered if we define the wedge product 
to be antisymmetric  

 

and take    

∫∂R
P dx + Q dy = ∫R (∂Q

∂x
−

∂P
∂y ) dx dy .

d2 = 0

d(P dx + Q dy) = (∂P
∂x

dx +
∂P
∂y

dy) ∧ dx + (∂Q
∂x

dx +
∂Q
∂y

dy) ∧ dy,

∧

dx ∧ dy = − dy ∧ dx, dx ∧ dx = 0, etc.

∫R
f dx ∧ dy to be the same as ∫R

f dx dy .

IV. On the Exterior Calculus



It is traditional to compactify the notation by writing  and 
to call   

 

(the generalised) Stokes’ theorem. 

ω = P dx + Q dy

∫∂R
ω = ∫R

dω

IV. On the Exterior Calculus



We describe also the notion of de Rham cohomology.  

We have seen already the concept of an exact form, . A counterpart is the 
concept of a closed form, one for which .  

Forms that are exact are always closed. However, the converse is not always true.  

Forms (in any dimension) that are closed but not exact constitute the de Rham 
cohomology (in that dimension). In the present discussion the forms are in 
dimension 1 and the de Rham cohomology is denoted . 

Exercise: The differential form  is an element of cohomology of the 

plane minus the origin . Verify that it is closed. Verify that it is not exact. 

ω = df
dω = 0

H1

ω =
x dy − y dx

x2 + y2

ℝ2∖{0}

IV. On the Exterior Calculus



As in the plane we look at the connection  and consider its integral around a 
closed curve . For a region without any defects we have Stokes’ theorem  

  

On a curved surface the integral on the RHS is no longer zero. This is tied to the 
curvature and for this reason we call the 2-form  the curvature of the 
connection. 

n⊥ ⋅ dn
C

∫∂R
n⊥ ⋅ dn = ∫R

d(n⊥ ⋅ dn) .

Ω = d(n⊥ ⋅ dn)

V. A Digression onto Curved Surfaces

J. Eckert et al.               
Nat. Comm. 16, 7596 (2025).



We compute it using locally adapted coordinates†. The surface is given by  
with height function (to quadratic order) 

 

 are the principal curvatures and  are the principal curvature directions. 

(x, y, h(x, y))

h(x, y) =
1
2 (k1x2 + k2y2) .

k1, k2 x, y

†These are Riemann normal coordinates; in the theory of surfaces the representation by a height function is called Monge gauge. 

V. A Digression onto Curved Surfaces



An orthonormal basis for the tangent space is (to linear order)  

 

We write the director as , and find 

  

The product  is the Gaussian curvature.  

Thus we find  

e1 = ex + k1x ez, e2 = ey + k2y ez .

n = cos θ e1 + sin θ e2

n⊥ ⋅ dn = dθ + k1k2y dx, ⇒ d(n⊥ ⋅ dn) = k1k2 dy ∧ dx = − k1k2 dx ∧ dy .

k1k2 = KG

∫∂R
n⊥ ⋅ dn = ∫R

d(n⊥ ⋅ dn) = − ∫R
KG dA .

V. A Digression onto Curved Surfaces



Suppose there is an isolated defect at a point  and  is a small disc centred on it.  

 form a basis throughout . On the boundary we can write . 
We then compute  

 

The integral  measures the winding of  relative to  and is equal to , where 

 is the (integer) winding number at . 

p D

{e1, e2} D n = cos θ e1 + sin θ e2

∫∂D
n⊥ ⋅ dn = ∫∂D

(dθ + e2 ⋅ de1) = ∫∂D
dθ − ∫D

KG dA .

∫∂D
dθ n e1 2π wp

wp p

V. A Digression onto Curved Surfaces



For a general region  with isolated defects at interior points , let  be a small 
disc around each defect. Then  

 

 

 

This is an instance of the Gauss-Bonnet-Chern theorem. 

R pi Di

∫∂R
n⊥ ⋅ dn = ∫∂(R∖∪iDi)
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This is an instance of the Gauss-Bonnet-Chern theorem†  

 

where  is the Euler class of the vector bundle, here the tangent bundle to the 
curved surface.  

The identification of the Euler number  with the sum of winding numbers of 
the defects is, in turn, an instance of the Poincaré-Hopf index theorem. 
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e

e[R]

†I am taking liberties by not being careful to specify what the boundary conditions are; for correct statements see Milnor & Stasheff (1974) 
or Bott & Tu (1982). 
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The identification of the Euler number  with the sum of winding numbers of 
the defects is, in turn, an instance of the Poincaré-Hopf index theorem.  

For a closed orientable surface, the sum of the winding numbers† of all defects in 
any tangent vector field is a topological invariant, the Euler characteristic. 

e[R]
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defects become spatially localized and develop into well-defined 
point defects with charges of +1/2, −1/2 or +1 (Figs. 1g–i and 2b,d). 
After ~24 h, the total charge of all of the point defects in a regenerat-
ing spheroid reaches +2 (inset of Fig. 2d). Although this total charge 
(following the induction of order) is dictated by topology, the defect 
configuration that emerges is not. Moreover, the initial defect con-
figuration that appears in the regenerating spheroids is generally 
different from the final defect configuration in regenerated Hydra. 
For example, the common defect type in regenerating spheroids 
originating from excised tissue fragments at 24 h after excision is 
a +1/2 defect (Fig. 2d), which is entirely absent in mature Hydra 
(Fig. 1). Over time, +1 defects become more prevalent and the +1/2 
defects become less frequent, until eventually they are completely 
eliminated (Fig. 2d).

Importantly, the defect configuration in regenerating spheroids 
depends on the geometry of the excised tissue because of the influ-
ence of the excised geometry on the folding process and the initial 
actin fibre organization in the folded spheroid6. For example, tissue 
rings excised from the tubular body of a mature Hydra can form a 

spheroid with two +1 defects from the onset, as the top and bot-
tom faces of the ring seal6, whereas spheroids that originated from 
excised open rings that fold asymmetrically6 exhibit a much higher 
incidence of −1/2 defects (Extended Data Fig. 6b). The different 
defect configurations that emerge in regenerating tissues originat-
ing from different excised geometries evolve and typically stabilize 
into the stereotypical defect configuration of a mature Hydra with 
+1 defects at the tip of the head and the foot.

Defect dynamics and the emergence of morphological features 
in regenerating Hydra tissues. To understand how the defect con-
figuration evolves, we next sought to follow actin fibre dynamics 
in regenerating Hydra and track defect positions over time. This 
goal is challenging due the extensive tissue movements and defor-
mations that naturally occur during Hydra regeneration. To tackle 
this problem, we developed a method to label specific tissue regions 
by introducing a cytosolic photoactivatable dye into the ectodermal 
layer of regenerating tissues by electroporation and using a confo-
cal microscope to locally uncage the dye at well-defined regions 
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Fig. 1 | Topological defects in Hydra. a, Image showing the nematic actin fibre organization in the ectoderm of a small mature Hydra. b, Schematic of 
the nematic actin fibre organization in a mature Hydra. The topological defects in the nematic organization coincide with the morphological features 
of the animal, with defects localized at the mouth (+1), foot (+1) and tentacles (+1 at the tip, and two −1/2 at the base; the number of tentacles, N, 
varies between individuals). The total defect charge is constrained by topology to be equal to +2. c–f, Images of the actin fibre organization containing 
topological defects localized at the functional morphological features of a mature Hydra: the tip of the head (c), the apex of the foot (d) and the tip (e) and 
base (f), respectively, of a tentacle. The zoomed maps in c and f depict the actin fibre orientation extracted from the image intensity gradients36 (black 
lines) and the local order parameter (colour shading; Methods). g–i, Examples of the types of topological defects found in regenerating tissue spheroids 
imaged in different samples: +1 defect (g), −1/2 defect (h) and +1/2 defect (i). The schematics in the top right corner depict the orientation pattern 
around the defect. Insets: zoomed maps of the corresponding actin fibre orientation and the local order parameter. All images shown are 2D projections 
extracted from 3D spinning-disk confocal z stacks of transgenic Hydra expressing lifeact-GFP in the ectoderm. Scale bars, 100!µm.
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χ = 1 + 1 = 2 χ = 1 − 1 − 1 + 1 = 0Euler characteristic

†Also called indices, as in the name of the theorem. 



The curvature of vector fields (textures of orientation) we have introduced here can 
be split into two types … 
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flat vector bundle, curved space curved vector bundle, flat space

tangent bundle

The textures we will talk about next will be curved vector bundles over flat spaces.



Lecture 1: Textures in the Plane 

Lecture 2: Escape from the Plane 

Lecture 3: Hopfions and Chiral Topology 

Lecture 4: Practicals — examples & discussion

I. Textures and their Defects 

II. Connection and Winding Numbers 

III. Schlieren Textures and Pontrjagin-Thom Construction 

IV. On the exterior calculus 
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