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I. Textures and their Defects

Google’s Al overview: (emphasis is its own)

Texture refers to the tactile quality of a
surface—how it feels when touched—or the
visual representation of that quality. It
describes characteristics such as rough,
smooth, soft, or hard, and is a key element
in art, design, and food to add realism,
functionality, or sensory experience.
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On Topological Textures ...

“They are totally useless, I think, except for one
important intellectual use, that of providing tangible
examples of topological oddities and so helping to
bring topology into the public domain of science,
from being the private preserve of a few abstract
mathematicians and particle physicists”™




I. Textures and their Defects

| will describe textures of orientational order, e.g. magnetic fields, nematic liquid
crystals, etc. At each point of the material there is an orientation, or direction in space.

The texture is what this ‘looks like' or ‘feels like'. It will be given by a unit magnitude
vector field, n, called the director. It has defects at a set of isolated points &. Away

from these it is smootht.

In the nematic case the orientation is apolar, n ~ — n. We will call this nematic

symmetry. It has many interesting properties but for the most part we will assume a
proper vector and treat nematic symmetry only in a few passing remarks.

fI will not address any questions of regularity and so just use ‘smooth’ here. The defects are points where there is a loss of continuity.



I. Textures and their Defects

Other physical systems can also be described as textures of orientational order.
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I. Textures and their Defects

Textures have defects at a set of isolated points <. These are points where there is a
loss of continuity.

For a complex scalar, a minimal model is given by zeros of order k (in x + iy or x — iy)
w~ 4y, =  0~kImln(x+iy) = karctan = .

X
The same local models also describe defects in liquid crystals.
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II. Connections and Winding Numbers

The director is a unit vector, n-n =1, so d(n . n) =2n-dn =0.

Hence dn points in the direction n; perpendicular to n.
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We may write dn = @ @ n; but will more typically use the differential form n, - dn.
It is called the connection.

Integrals of the connection around loops in the texture measure winding numbers.



II. Connections and Winding Numbers

Relative to the Cartesian basis we can write n = cosfe, + sinf e, where
6 = O(x,y) is the angle the director makes with the x-axis.
Y
n

A

The connection is the differential form

00 00
n, -dn=df =—dx+—4dy,
0x dy

and measures the rate the director rotates relative to the Cartesian basis.

Its integral around any closed curve C is the total rotation of the director;
continuity implies this total rotation must be an integer multiple of 2z

J nl-dn:[ do = 27 w(C).
C C

We call w(C) the winding number of the curve C.



II.

Connections and Winding Numbers

In liquid crystals the nematic symmetry n ~ — n allows for the total

rotation to be a half-integer multiple of 27 and in this case the winding
number is any half-integer.
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II. Connections and Winding Numbers

Suppose C encloses a region R with no defects. Then the winding number is zero.
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A way of showing this is to use Green's theorem in the plane

00 OP
Pdx+ Qdy = — —— | dxdy.
IR R\Ox Oy

In our case P = df/0x, Q = 0d0/0dy and the integrand on the RHS vanishes.

Winding numbers are only non-zero when there are defects.



II. Connections and Winding Numbers
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Consider the local models for a single point defect at the origin
§ = karctan 2 + 0, -
X

Away from the origin the connection is

—ydx+xdy

n, -dn=df =k
1 X2 + 2

b

and integrating around a circle of radius r (x =rcos¢,y =rsing, ¢ € [0,27)),
the winding number is

—yvdx+xdy k [*"
ydx+xdy Jdgbzk.

1
w(C)=—1 k —
‘) JC x2+y2 21

27 0

This is independent of the radius and suggests the winding number can be
viewed as a property of the defect.



II. Connections and Winding Numbers

—ydx+xdy k o

1
wlC)=—1 k

dp =k.
27 ) - X2+ y? 27 ), ?

This is independent of the radius and suggests the winding number can be
viewed as a property of the defect.

Exercise: For a curve C enclosing isolated defects at points p; with winding

numbers W,
w(C) = Z W, -

P
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II. Connections and Winding Numbers

Winding numbers are preserved under continuous evolution of the texture.
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Let n, be the texture at time 7 and n; the initial texture. Since ny, n,, form a
basis we can write (away from any defects)

n,=cosany+sinangy,,

where a is a continuous function (of position and time) that vanishes identically
at t = 0.

The connection is n,, - dn, = ng, - dny + da, and the winding number is

1 1
wt(C):z—[ ntl-dnt=wO(C)+—J da .
C C

T 27

Since a is a function [ da vanishes by the fundamental theorem of calculus.
C



II. Connections and Winding Numbers

Winding numbers are preserved integer (or half-integer) labels for defects in
planar textures.

For planar textures the connection n; - dn represents a cohomology class in
H'(R?*\ D) that captures the topology of the texture.
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ITI. Schlieren Textures and Pontrjagin-Thom Construction
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The texture is an assignment of an orientation to each point of the material away
from the defects

n: R\2 - S.
X B 0

Fix a point of S', i.e. an orientation 0. The inverse image n='(@) is the set of
points in the texture where the director n has that orientation.

For almost any choice of @ the inverse image is ‘nice’ — a submanifold with end
points only on the defects; this is called a regular value.



ITI. Schlieren Textures and Pontrjagin-Thom Construction
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By continuity, nearby orientations have nearby inverse images. The inverse image
is cooriented by the direction it moves in if 8 is increased by a small amount.



ITI. Schlieren Textures and Pontrjagin-Thom Construction
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A closed curve C will intersect the inverse image n=!(@) in a discrete set of
points. Each intersection can be assigned a sign (%) according to whether the
orientation of C and the inverse image are the same, or opposite.

The intersection number Int(C, n_l(H)) is the sum of all these signs.
Part of the Pontrjagin-Thom theorem is that it equals the winding number
w(C) = Int(C,n7'(9)) .

The information contained in the inverse image is enough to reconstruct the
texture up to homotopy.



ITI. Schlieren Textures and Pontrjagin-Thom Construction
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Exercise: Determine the winding numbers of the K and K’ points using the

Pontrjagin-Thom construction.



ITI. Schlieren Textures and Pontrjagin-Thom Construction

For nematic symmetry n ~ —n and a single nematic orientation (line element)
corresponds to the pair of antipodal points @ and @ + 7 on S't. This leads to a

factor of% in the relation between the intersection number and winding number

w(C) = %Int(C, n~'(9)) .

But otherwise, everything remains the same.

-~

polariser, P

RP!

analyser, AN %

The space of line elements is the projective line RP!, which is the equivalence classes of antipodal points on S



IV. On the Exterior Calculus

We provide a minimal introduction to the exterior calculus, presenting key
ideas using Green's theorem in the plane

00 OP
Pdx+ Qdy = — —— ) dxdy.
IR & \ Ox dy

If the differential form Pdx + Q dy = df, for some function f we say it is
exact. We write

and think of the LHS as the exterior derivative d acting on f. For any exact
form the integrand on the RHS of Green's theorem vanishes identically.



IV. On the Exterior Calculus

The idea is to view the RHS of Green's theorem as the action of the same
operator, which we will write

d(P dx + Qdy) :
When the differential form is exact this should vanish identically
d(df)=0, = d*=0.

This is the key structural property.



IV. On the Exterior Calculus

In general, we use the product rule (and d* = 0) to get

oP oP 00 00
d(de+Qdy)= —dx+—dy | Adx+ | —dx+—dy | ANdy,
ox oy ox dy

where we have introduced a symbol A (pronounced ‘wedge’) to represent
the operation. Green's theorem is recovered if we define the wedge product

to be antisymmetric
dx ANdy = —dy A dx, dx ANdx =0, etc.

and take

dexAdy to be the same as [fa’xdy.
R R



IV. On the Exterior Calculus

It is traditional to compactify the notation by writing @ = Pdx + Qdy and

to call
‘A W = ‘A dw
OR R

(the generalised) Stokes’ theorem.



IV. On the Exterior Calculus

We describe also the notion of de Rham cohomology.

We have seen already the concept of an exact form, w = df. A counterpart is the
concept of a closed form, one for which dw = 0.

Forms that are exact are always closed. However, the converse is not always true.

Forms (in any dimension) that are closed but not exact constitute the de Rham
cohomology (in that dimension). In the present discussion the forms are in
dimension 1 and the de Rham cohomology is denoted H'.

xdy —ydx
y—J is an element of cohomology of the
X2+ y?

plane minus the origin R*\ {0}. Verify that it is closed. Verify that it is not exact.

Exercise: The differential form o =




V. A Digression onto Curved Surfaces
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As in the plane we look at the connection n; - dn and consider its integral around a
closed curve C. For a region without any defects we have Stokes' theorem

J nl-dn:J d(n, - dn).
OR R

On a curved surface the integral on the RHS is no longer zero. This is tied to the
curvature and for this reason we call the 2-form Q = d(n, - dn) the curvature of the

connection.



V. A Digression onto Curved Surfaces

We compute it using locally adapted coordinatest. The surface is given by (x, y, A(x,y))
with height function (to quadratic order)

1
h(x,y) = 5<k1x2 + kzyz) :

ki, k, are the principal curvatures and x,y are the principal curvature directions.

fThese are Riemann normal coordinates; in the theory of surfaces the representation by a height function is called Monge gauge.



V. A Digression onto Curved Surfaces

An orthonormal basis for the tangent space is (to linear order)
e, =e t+kxe, e,=¢e,+kye,.
We write the director as n = cos e, + sinfe,, and find
n, -dn=df+ kk,ydx, = d(n,-dn) = kk,dy Adx = — kkydx Ady.
The product kk, = K(; is the Gaussian curvature.

Thus we find



V. A Digression onto Curved Surfaces

Suppose there is an isolated defect at a point p and D is a small disc centred on it.

{e|,e,} form a basis throughout D. On the boundary we can write n = cosf e, + sinf e,.
We then compute

J nl-a’n:[ (d9+e2-de1)=J dH—J KcdA.
oD oD oD D

The integral J df measures the winding of n relative to e, and is equal to 2z w,,, where
oD

w, is the (integer) winding number at p.



V. A Digression onto Curved Surfaces
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For a general region R with isolated defects at interior points p;, let D, be a small

disc around each defect. Then

J nl-dn=J nl-dn+ZJ (d9+e2-de1),
oR A(R\U;D;) i JoD,

= J d(ny -dn)+ ) <2nwp. —J K¢ dA),
R\U,D, i l oD,

=—J KGdA"'z”ZW,-'
R i

This is an instance of the Gauss-Bonnet-Chern theorem.



V. A Digression onto Curved Surfaces

This is an instance of the Gauss-Bonnet-Chern theoremf

J @ — J QQ =2xe[R],
OR R

where e is the Euler class of the vector bundle, here the tangent bundle to the
curved surface.

The identification of the Euler number e[R] with the sum of winding numbers of
the defects is, in turn, an instance of the Poincaré-Hopf index theorem.

fl am taking liberties by not being careful to specify what the boundary conditions are; for correct statements see Milnor & Stasheff (1974)
or Bott & Tu (1982).



V. A Digression onto Curved Surfaces

For a closed orientable surface, the sum of the winding numbers? of all defects in
any tangent vector field is a topological invariant, the Euler characteristic.

Euler characteristic y=14+1=2

Tentacle

1

Y. Maroudas-Sacks et al.
Nat. Phys. 17, 251 (2021).

Foot
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TAlso called indices, as in the name of the theorem.



V. A Digression onto Curved Surfaces

The curvature of vector fields (textures of orientation) we have introduced here can
be split into two types ...

tangent bundle

¥ T %+
Y -
B
L
flat vector bundle, curved space curved vector bundle, flat space

The textures we will talk about next will be curved vector bundles over flat spaces.
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