
The aim of these lectures will be an introduction to topological textures from the 
perspective of magnetism. We start with a summary of the quantum mechanics of spin 
operators and the Heisenberg Hamiltonian describing the interaction between distinct 
quantum spins on a discrete lattice. Afterwards, the notion of the spin-path integral and its 
corresponding action will be introduced. The dynamical part of the action is given by a 
Berry phase and it will be discussed how it recovers the Landau-Lifshitz equation on the 
classical level. We will discuss the continuum approximation of the action and its relation to 
the field of micromagnetics. We continue with an introduction of topological configurations 
of the magnetization field and its classification in terms of homotopy groups. We discuss 
topological defects like vortices and hedgehogs, i.e., Bloch points, for which the 
magnetization vanishes at the center of the defect. Finally, we introduce topological 
textures, for which the magnetization is well defined at every point in space. This includes 
domain walls, merons, skyrmions and hopfions. We give examples of materials where such 
textures have been already identified.
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Ihory of magnetism and magnetic materials - topological textures

In quantum magnetism interacting many-spin systems are studied which are

described eg . by the Heisenberg model .

In solution is only known in

special cases and often we rely on approximations or asymptolic expansions.

An important asymptotic expansion ,
that is at the focus of this

lectre
,

was s - the size of the spin-as a large parameter .

In the limit

of large S a quariclatical fieldtheory emerges .
The field is a

unit rector fieldirit) that represent the local spin orientation . This

field theory allows for topologically non-trivial textures.

Epinoperators

Spin operators (5) obey the algebra of angular momentuma
-
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The othonormalized basis (m/m') = Omiml can be constructed with

sim = +1) - m(m= n) (m= 1)

Scoherent states

The components of the spin operators are generator of the Su(z) group

of ransformations. The elements of Suk) can be paramelized by thice

Entayles P ,
G and X :

is is t iXs
RIP ,

0
,X) = e e e

This rotation operator perform three subsequent rotations around the local z-axis,

y-axis and t-axis with angles X , t and I, respectively.

Applying this operator to the fully polarizedSpin state ISL with m=

a family of spin states are created



#= RIp,)IS2/scolventstates
They are paramelized by the unit vector

n = (sint cost ,
sint sind

,
cost) -

and they obey

#(in)= tsIn) and Inisie-tsu.
iXS7/t

As e ISL = ei*SIS) the angle X only enters via a phase that we can choose

arbitrarily. This corresponds to a garge freedom that can be eliminated by fixing X.
-

The to independent angles ,
the polar angle O and the azimuthal angle 4 , art

defined within the domains(t- 10 ,]
,
4-(-T ,+)). The States In can be

expanded in the complete set of eigenstates &(M) Y and one can show that

imp (00Str (in Imin =eist

↳
i
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e
. they are not orthogonal . Moreover

, they form an overcomplete basis as

=Jamie incn)(
where din) = Edn

with dn = sintdEdd is the tearmeasure of the SU(2) group. One can also show that

↓ (S+ 1) Jdpln) In>>l = 5

For the proofs of these relations
, see eg .

A . Averback
, Interacting Fredious and Quantum Magnetism.



The -Classicallimit is achieved by sending S--0
.

In this limit
,

the overlap of different colvent states

vanishes exponentially with S:

Isn' = expl-senin
70 for =

When the overlap vanishes expectation values of spin operators are functions of unit vectors like

classical spins .
Quantum effects are therefore associated with the non-orthogonality of coherent

States .

The gluralization to many spins is straightforward. The many spin colvent state for N Spin-S is

product of single spin states

In)=F

The overlap and the completeners relation are

[
inpaltegral

The path integral formalism provides an alternative description of a quantum system that differs from

Re Hamilton formalism.This formalism is very useful for the treatment of many-particle systems al

it allows to formulate mean-field theories and to generate asymptotic expansions. In addition
,
it is

directly related to the notion ofMautumfield theories
.
Path integrals are derived with the help of

a coherent state representation and
, therefore , often allow to consider semiclassical approximations.

We follow standard derivations and consider the partition function of a Hamiltonian + describing

a many spin system ,
z = theBHY

,
where B =

t

.
It reads in the coherent state representation

z = Sdj)B



It is now convenient to perform aotterdecomposition and divide B into M so-called

imaginary time slices of size it such that B = Mot :

- ETH-GTH - GTH

z = S(;) e
...

e In
-

M-times with MdE = B

- GTH

Between each of the factors e we now inset a completeness relation of coherent states
.

In order to distinguish colerent states inserted between different slices we label them Ital by the

imaginary time in= not with the periodic boundary condition 10) = n(p) :

z =Std) mmm ... (())eElo

Consider one of M terns separately and assume that at oo

Sln)/e-Inlink = Stun)) (1-H)In(In) = Slum)Inlink (1 - E <H -n]

In the limit too we can approximate

<H = TII => <In)(HInsin) = H(j(n)]) = H(n(n))

In order to obtain this expectation value all spin operators in the Hamiltonian H(5;3)

can essentially be replaced by the unit rectors j .

For the overlap of coherent state

we obtain

(Altu)In(n))= (n))SiStjul

exp)-iS

In the last equation we performed a Taylor expansion assuming boldly that njkt) is a

differentiable funcion,



For the derivative of the phase one obtains

&
denn P(Ent) , (n)) /So ne(Zactau(tann) + Yu+) -Xin)(

= 0

= ) (4) - (n)) cos@lin] + X
,
(nm) - Y(=n))(g

=

=>G(t)cos(tn) Stu)

Taken together we have for It -oo

(l)lInlink = exp(-is(blinicost(in) + Y(n))] exp(- E H(n(in))
dt-00

In the limito-oo with M-oO so that the product M&T = B remains fixed ,
the

partition function reade

I
-M expec

Hi )/
z

Mc = B

= Jon exp[ + iSwin-JdHinc))]
a= (p)

-

The limit M-o x transforms the product of integrals into a path integral The symbol In-

represents the measure of the path integral that needs to be evaluated with periodic

boundary conditions 10) = (B). The integral over do in the exponent as well as derivatives of

represent the discrete definitions in the limit e -00.

We also defined

Prj(P)cost
which given the Beryphase of the spin history.



Spin Berry phase
-

Consider the Berry phose for the particular gauge
X = - :

↓(B)

win) = git P11-cos) = J d (1-c
This phase is purely geometric as it depends only on the trajectory ofIt) and not on it explicit

time dependence .
Consider a path incrementIn that is connected to the north pole by the

longitudes 4 andA+de. They enclose the area

#

&
dw = Jdsint'dp = (1-cos)d$

where O = 0(6)· Integrating along a closed&
w .

It measures therefore the area enclosed by iii)

trajectory with(0) = #(p) yields the Berry phase

on the unit sphere. Note that w can be

positive or negative depending on the orientation

of the trajectory (i) .

At the same time,

the Berry place is only defined up to⑲his factors of 4t. The orange area o

enclosed by the trajectory is up to a sign

given by

w = de Sind = Godd(-1 - cost)

and corresponds to the gauge choice = G. Moreover
,
w-w' = Godd 2 = 4.

iS45
Additive factors of 4i do not matter because they appear in the exponent and e = 1

for all S = [
,
1

, 2 ,
2

.....

It is elegant to express the Berry phase in a gange invariant form
-



=gat
with the vector potentialAln). The choice = osI corresponds to

- sind
the gauge

X = -1 where P = (10) : Wing stonesDeorm we can

rewrite

w = San = Jdwn(e x *)
-m

integraloraarea

This equation is fulfilled if

#Ain) = n)
This corresponds to a magnetic flux ini-Space that has the form of a magnetic

monopole .

It was shown by P
.
Dirac that the vector potential of a magnetic monopole

-

isnecessarily associated with a Dirac string singularity .
For example , for the above choice

-

= Lost & he vector potential is singular for O =, ie
.
at the south polee

suniclassicalapproximat Landan - Lifshitz equation of motion

The imaginary time path integral expresses the partition function z = Jon e-sin) in terms

of the so-called Enclidian action

S(n) = - isAnj)& + SPH(n(t).
- iHT/t

The path-integral formalism can also be applied to the evolution operator UIT) =e

It is expressed U = Jones in terms of the real-time action that follows from



the Euclidian action with the help of aWickrotation from imaginary time I= to real
-

T
i

time t using dt = [dt and @ = & ·
It is given by S[] = Jdt ((n) with

O

the Lagrangian

#Its n=Hi
Thesameclassical approximation is obtained by considering the saddle point of the action to ,

that yields the Euler-Lagrange equations .

For its derivation we implement the constraint

= 1 wring Lagrange multiplies Jj,

= SA) an; -Hn)-n

We then obtain for the Enter-Lagrange equation (with his being the 4th component of the

i-th Spin field (

()

(2)-Gip-d
= s(ii)Ginic-2, = 0

The derivative of the Spin gauge field can be simplified wing

-DARE, To because multiplying with Expo Yield

~pop)=2
= hig

by definition

=> (2) AS (Onixi)-o-idin o



Multiplying 12) with nic and summing over a yields wing (1) = 1 :

↓ (denixni) - -26 :
= 0 = 2= -mini

= O

Eliminating the Lagrange multiplier J : from 12) give

As (nixFila-(dap-nichip)
is

= 0

Finally , multiplying with (ix) wing nix (ixQi) = Fin :
- & = - An

= 1
= O

we obtain
as ? =2n = 0

#in = i nix I
The Enter-Lagrange equation yield theAndan-Lifshitz equation describing the precession

of the unit vector in on effective magnetic field givenby
The semiclassical equation of motion is controlled in the limit of large s where the

saddle point approximation should hold
.

This can be seen by rescaling time +- St

i
such that L-I)@ - Hand S[n] -o ESS[n]. The large prefactor

for 5-05 in front of the rescaled action S[n] controls the saddle point approximation.



Topologicalmagnetic configurations

The Reory S(n) depends on the configurations : for the various

spin degrees of breedem i = 1
,
2, ... .

N. If the spins at regularly distributed

on some lattice characterized by some lattice constant a
, we can label

Rem instead with their position ; ie(i) . If we are only interested in

the low-energy , large lengthscale behavior of the system we can perform

the continuum limit(ri) -- nit) where hir) represents a mapping

from d-dimensional space
Rd to the unit splre 52 :

: R-S2 in

we can "compactify" d-dimensional space by demanding that (r) -o No

for 151-5 . In this case
,
the map is from a d-sphere to a 2-sphere

n : so-52
,
-on

Such a map can be topologically non-trivial. Mathematically this is

reflected in the corresponding homotopy groups TTlS) · 17 /S2) is
-

non-trivialthere exist spin textures in d-spatial dimensions :

-

d= 1 Th(S2) = 0 no textures in d= 1

d = 2 (2) = (baby-)Syrion texties in d= 2

d= 3 Tz(s) = < #option textures in d = 3
.



skyinion Hopfion

As /S?) = 0 Here exist no texture in d= 1. However if the

wit rector is forced into a plane eg . by strong amisropies,

it does not cover a 2-sphere s but only a circle S
.
In this

case
,
ther exist also textures in d = 1 as the mapping from a

circle to a circle is non-trivial

d= 1 Th(s) = domain wall texture in d= 1.

2i-domain wall


